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Let A B be algebras over

A B as vector spaces can be turned into an algebra

axe a b aa off

Exercise Matula Matm a Matma A

theorem Let U be an izzep of A
W H i it B

i VOW is an irrep of AaB
Iii Any irrep M of A B has the form M Vow

for some uniquely determined irreps of A B

NZ this is not the same as a rep Vow of onealg A

Outer product is sometimes called VAW



Roof i A End V B End W are sujective
density theorem

A B End V End W End Vow
is surjective so Vow is izzed

ii Existence let A B be images of A B in

EadM
A 0 B End M

A I go B Y Op

A B fin dime
o u

we can suppose that
dim A dim B Lo

Claim Rad A B Red A B A Rad B

Proof Let J Ries J is a nilpotent ideal

ABy AIpad A LB RadB

semisimple
J Rad A B J Red A B



ARITA.BY RadA BlRadB

So M is an irrep of fatty so

it is Vow where V W are reps of Almada and

all of them are of matrix alg D BIRadB

Universal enveloping algebra

Let of
be a lie algebra

Idea replace of with an associative algebra

U ay
with the same representations

Drawback Ucg is usually inf dim'l even for f d of



Construction pick a basis xn xu ing
Xi Xj IICifXk Cig structure constants

of g
Vlog assoc algebra gen by xp xn with rel

Xix Xj Xi Cit Xu

Basis free construction of Mcg
g T g dog gog 09 30

noncommutative polynomials in xu xu

Toy I x y y x fay two sided ideal

May Taffy is a filtered algebra

Ucg UUCgla Ucg CUCglec UCgla.tlglecUCglae
elements of degree ele



Selecting a basis proves equiv of these constructions

If V is a rep of og dim Ven

R ay End V we have a rep of
assoc algebra May

Ucg End V

R Xi Xia RIX R Xia

Vice versa every up of Ucg as an assoc.ly

is a up of of
as a lie algebra

Take a vector space E

suppose that A C End E subalgebra

B be a subalgebra in End E sit BC Enda E

every element of B commutes with A



Then E is a rep of AOB

vet a b v a b v bar since ab be
get

axe a 06 v ball v ad bbl v

aa 66 v

g
Uy

Let A be an assoc alg

A q of A map of vector

spaces

play playly yly y x

y of AL is

traya Lie alg honour

Al has a Lie bracket x y xy yx



Double Centralizer Theorem

Them Let A B be two subalg of End E Efd
s t A semisimple B Enda E Then
i A End E

ii B is semisimple

iii As a rep of A B E has the decoy

E Vi Wi Vi Wi are irreps of A B
resp

All Vi's are distinct all Wii's are distinct

these are all the reps of A B

In particular this defines a bij Irrep A c Jurep 13

Proof A semisimple E Vidi



di dim Hom vi E If Wi Hom vi E

E Vi Wi Wi's are reps of B

irreps or 0

But We cannot be o because A acts faithfully one

B End Wi Schuur's Lemma

A End Vi

Schur Weyl duality
V f d vector space u 2

E V0 V

51N Wu Nra Wren



E is a rep of Su
Let off M be equal to End IV with the

bracket Xy xy yx

Sn End Von

Let A be the image of QS A semisimp

Then The algebra B EndaE is the image of

Mcglcu B is gen by the elements

D b b 019 01 1080 01 t 10 0106 beg
Proof It is clear that D G EB

B S End V need to show BC Im UGH



Lea i For a fad vector space U

Shu is spanned by no 04

Cio If A is an algebra then S ACAO.FI
is a subalgebra gen by D a act

Proof i S U is an irrep of Gllu so

G LCU u Shu Exercise prove this explicitly

ii Take a zing of sym poly in a variables

Xi Xu

palx Xun X kt thnk generate this ring over

In part FF X xu F Pr ph

Then axo a F Orla Duca Dula D



Example a 2 x xz t x txz Xix

X Xe pi p
Ola O a taxi na Carole

toa afaxoataxatfa ak
1ay

axa.thm.ciThe image A of Gsn and
the image B of U gt V are

mutual centralizers
ii A B are semisimple In particular

V0 is a semisimple off V module



iii There is a decomp of A B module

v0 QU by ten partitionof
Un are irreps of Su 2x are some distinct
irreducible aft V modules or 0

Example n 2 Vor
u

OgllySz
NOW WAV

SV MV are

V SEV to NV irreps of off V
Sz anti invariantSz invar



VxoVeVedtriXS8V0 sgnxAY CExSz.s

For the group GLLY givin on

gu no ogun
Gla Évonnes

Prof the image of GLCV in End von

spans B

Ceylan As a up of Su GLAD

VO V La La Homs.ly Von
distinct irreps or 0



Fact 1 La give a complete list of polycom

reps of GL V or gl V

2 Let R be an algebra of polynomials
on GL V RA GLC GLU

Pcg h pix play xh

As a rep of GL V GLN

R LEO Li


