
 

Compact lie groups their representations
Lecture 23

1 12 22

Def A Lie group G over R is compact

if it is a compact set

Examples i 50127 5 121 13 cat is compact lie groups
2 T IR Z IS x x S is compact

3 Son L HE Gln 1 ATA I data I compact

Xin Xjh 8ij I Xin L I Xiu EL
6 1

3 On compact 0 Every finite
grp is compact

4 Un Sun are compact

Un L A A I AE Mat na At At

Sun Un n Sla dim Un n dim sun n 1



TIM Every real or complex rep of a compact lie

group G is completely reducible

C inner product on V

ftp.fjee.fe nanny symmetric bilinform R

hermitian sesquilinear form e

v w
g I gu gu G invariant inner proda

get
If U CU is a subrep of G then let sabrep

Ut OU V

Proof for compact groups for the brave ones

v We Iafl gu gu dmGGG



Some convex geometry

G A E E affine space G acts by affine
transforms

Let M C E be a bounded convex set in E
M 0

Convex x y
0M x y C M

Cent M pity farpuldx p Lebesgue measure in E

g e

cent M I Iz xi if M finite I
Assume that Aff M E M not contained in any

proper subspace

If M convex cent M EM

Remy If a affine transform of E thea
x cent M cent ally



In particular if 2 M M alata centre

Remy If Aff M E then cent Mem MOM

Prof Take an affine lin function f gflset 1 M 0 F mem fan o

f cent m plot f fix pldx o

Klemme fixed point Lemma

Let G be a compact group of affine transform
of E and let MCE be a nonempty

convex set sit gM M tgeG Then I pen

gp p Age G

Proof Take any xeM let Conv Gx M CM
Cent M is a G fixed point I



They Let G be a compact group and Let U

be its real complex representation There exists

a G invariant pos def resp hermitian inner product
on V

Proof Take the space of all symm bilinear forms on V

The set of pus def forms is a convex cone in

this space
C L so if tpf z

O

G acts on this cave by lin transf Ntp t 11,1430

F C g
v w g go gw g Ages D

thy Rep of compact Lie groups are completely
reducible

PI Cf the proof of Maschke's than I



Let G be a lie group let u be its
complex rep

R G GL V

dR ay cyllv I Ender rep of Lie algeb

Them Every G invariant subspace UCV is invariant

wit of If G connected the converse is also true

proof 1 Let U CV be invariant Take some AEG
I get CG glo I g o A

dR A I R g 4 to
So for any well

dR A u Right u go.EU
2 R expat exp ARCA V Aeg



Rlexp A u In ARIA a EU

U is inv II t exploy
If G connected G exp g 7 I

Clary A rep R of G is irreducible

completely reducible dk is izz compl red

as a ref of of
Relations between complex and real lie groups

Def A connected real subgroup HCG for
a conn complex lie group G is called its

red term if of L if



Exampley Ga State H SC R is its realform

Stu a Shld ist.IR

Shula Herm antillerm gun isun
trio tree

So Sun is a real form for Stull as well

They Let R G GLN be a complex rep of
a conn complex lie group G and let H

be a real form of G

Then the set of invariant subspaces in V for G
and H is the same

Proof UCV is G invariant ay inv

H invariant e f inv



dR ay dR f o id Rcf
So U is dR of inv d Rcf invariant

Def Conn complex Lie group G is reductive

if it has a compact real form

Eepls Gln a Slu d at SO d redact

Fact Every noncumm simple lie group is reductive

Thin Every f d lin rep of a reductive group is

completely reducible

Proof Hermann Weyl's Unitary trick



complex lie group GE

f
real lie group
compactreductive

Ig f real form

Representations of SLC and skid

state a e fin et f g h fi
he Le hit 21 Left L

Let R Shala GLCV

dR Shala gtlv
dRle E drift F Arch Lf

E FT Ft CH E 2E



fat Let u be an eigenvector of fl flu no

Then Ev and Fu are eigenvectors of fl or o

H ET R2 Ev H Fu N 2 v

Prof HE v EHvt2Ev XEvt2Ev 2 Ev

similarly It Fv X 2 Fr D

K2 There exists a vector No EV sit flu X s

and Ev D Such a v is called abstracts
of V

Ploof v Ev E v are lin indep eigenvector

for tf with different eigenvalues and Vfd

Eve D flu X V N highest vector N highest
weight



Let V f Vo Uz F've We Fkn
If Va Xo 2k Vu

Emma 3 Eva Care e cu k do btl

Proof Induction upon h 6 0 obvious

Eva EFM FEN E FI Na

Ca F van Hwa Carat No 26 Va Ca Va

Che Get No 2k Atl No k k k 1 no k D

Fn I v Un O F v Unt D

Cnt D ntl do n D No n

Them A highest weight to Ezzo



Vo Vi Un CV izzed subrep of V
of dim net

with the highestweight n
H Va n 2k Vu

Eva k n KA Na r

f Nk Vain

theorem Irreps of Stace are in bij with z

V is uniquely det by its highest weight n

dim U net

Exercise Let f xy standard 2 din't rep ofshe
show that I Ve Skee eve


