
 

Lie groups the exponential map Lecture 22

group smoothmanifoldinMat a 28 11 22

GLIM OG TIG TG C Matta
tangent space to G at IE G

exp Mat n GL n exp X text t I t

The If GCGlla is a lie group then

exp TCG C G

More precisely UCO 7 VCIlocdiffer

That A connected Lie group G is uniquely def by TG

Proof TG V10 VII generates G I

Remark exp is generally speaking neither surjective nor ing
a Mat 1 4 I Q GL 1,4 is Ziti periodic
b T SLI 2 IR SL 2 IR is not surjective Exercise



Def Let G Glen K HC Glen k be two Liegroups

f G H is a Liegrouphomuffisan if
it is a group homom

it is a smooth map i.e the matrix elements are

diff functions

f G H

expat Texpa
d f df TG TH diff of a homom

Thy 3 For a homem f G U we have

flexpoA exp df CA VAETG

Recall g t cella kl glo I g o A then

exp A Gim g ta
ea fig ite

Proof Let get cc be a curve g o I g o A

g t htt c n satisfies hlo I n o dfla



flexp A filing glial fins fight fight expdflat

Ef diet GL.la d

Theorem 3 means that det exp a etra

That A homomorphism f G H G connected is

uniquely determined by df TG the

NB No existence statement so far Later

Proof fi G H homomorphism G conn

Knowing df we can recover f VII Va I

for some neighborhoods
But G is gen by VCI I

a f G H Kent CG is a lie group
kerf Ker df

b If Im df TH A connected f surjective



The tangent Lie algebra and the adjoint representation

A B AB BA A B E Mat a K

If BB nondeg there is another motion

A B ABA B group commutator

Prof A B I exp ta explsB s

Proof exp ta explsB exp A exp s B exp ta exps B

exp ta explsB exp ta Blexpta B
5 0

Fo l A B B A LAB A

Thin The tangent space TG cheat nik is closed w.at

I A B E TG A B E TG



Proof gls exp ta exps B EG for t fixed

glo I g o flexpthexpsBlls E TG

ftp.lexpthexps B yes LA BJ ETG D

Def A subspace L C Matin k closed w.at I is

called a matrix linear Lie algebra

If GC Glla K is a lie group then TG is a lie alge

Ime Stalk TSL.lk L Ae Mata k tra 03
11

Shuck is a lie alg
tr A trB 0 tr AB O

2 TO On skew sym matrices AI A

AE A BT B CA B
t

A B B.A



Properties of A B 1 bilinear
2 antisymmetric LA B BA

substitute of associativity 3 Jacobi identity
CA B C CB.CI A CCC AJ 133 0 Check it

Another way to view the Jacobi identity

CA CB.CI A B C B A C
Leibniz
rule

Def A vector space of with a binary operation

of of of satisfying i 3 is called

alical geta

Example let gtR3 v w vaw vector produce

turns R into a lie algebra



Det A map y ay f Gothic h

is a lie algebra homomorphism if it is linear

and Lycxtyly p leg

Tha If f G H is a human of lie groups

d f TG TH is a homom of their
tangent algebras

Proof A B E TG

exptA expsB flexptal flexps By
exp t.df A exp s If B

df exp ta expsis Js exp tdfaexps.de B
r

df A B dffa If B a diff we.tt att



Def A linear yresentation of a lie group G

is a diff homom G GL v

ge G alg G G alg x gxg G

day Adly of of g TG

the adjoint operator
Adly X g Xg

alxy alt aly
Adley Ad x Adly

Ad G GLCY GL TG

the adjoint representation
d Ad ad ay gt g

linear maps
g g



Def ad ay off ay adjoint representation of g

This ad A X A X A X Eg
Proof g

t curve in G glo I g
o A

add Ad g 4 to

ad A X E Adige Xk gct Xget

git Xg lol g o Xg It AX XA Aix p

ad A B ad A ad B

CAB CJ A B C CCACJ B Jacobi ident
again



SU group of unitary matrices with def
11

GI a bed lat't bl 1 Exercise

SW skew heron matrices with trace o

XY ZE IR

g t.fi detX x2ey4zz

det X is a pos def quadratic form and
det Adg X det gXg det X

Adly is an orthogonal operator argue IR

Ad SU 0g Lie group homomorphism
a

connected



Ad SU CS 03
Ken Ad 4 I every matrix commuting with I

is diagonal
Kerr ad Sua So is 0

SU SO surjective because

Uz 50 is surjective

that Ad sua so is a surjective map
with Ker Ad II

SU 2 41J I 503

Topologically Suze 83 Rip I 503
2 1



IR IR zz two dim'd torus

1 T 1,2 240

IR R NY


