
 

Lecture 20
Algebraic numbers algebraic integers 21 11 22

It a zed is an anic numbed
if it is a root of a polynomial in Q x

b zee is an adic integer if it is a root

of a monic polynomial in 21 3
X t c x t t Cm Cie 2

Deff zed is an algebraic number algebraic integer
if z is an eigenvalue of a matrix with rational

resp integer wet

Prep Def 1 Def 2

Proof If z is an eigenvalue of AE Matin Q lo 2

Z is a root of XA se E Q x on 21 7 pix

Suppose z is a root of x c x t ten O
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Notation Q alg numbers

I alg integers

Prep a Z is a ring
b Q is a field It is an alg closure of Q

Proto Use Def 2 Let a BEE
Let y be e v of A e Mat A Ave du

p be er of Be Mata Ca Ber par

A B Q em B vow 213 wow



LB EZ lo E

Ip is een eigenvalue of A Idmt Id B a

e if a is a root of pix deg p x d

then a is a root of xdplyx
Alg closure a algebraic Qld Q n I

Prep Ena 2

Proof Let zaz be a root of
x tax t tch D Cie Z

If 4 2 p 9 L then

E talk t ten O
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Every alg number sea has a minimal polynomial

Mdx a movie polynomialof min degree s t

Mala 0

Any other pix pla 0 is divisible by Max
Male is unique

The roots 2 2 dz dm are the conjugates oft
are

if a alg integer these are alg integers
Viete Make 26 also follows from 21 7 being a

UFD
La If a 2m alg numbers all the conjugates

Lit 2m are of the form 2 t that ai conj to di

Proof Enough to prove for m 2 ay da are eigenvalues of

An Az of the smallest size Xa Mai



2 he is an eigenvalue of it Idm Ida Ac

So is any of its conjugeenvalues All of them have the

form ait ai ai do I

Then Frobenius divisibility than Let G be a fin group
irred f d complex rep of G then dimV I G

Roof Let Ci Cn be the conj classes of G

Ni Xu Igel Ight where gieci

Lemma Hi hi is an aly integer

Proof Let C conj class in G P I k 216
he C

P is central so pre d Idr
So x is alg integer h is integral over 2
he satisfies a monic polyn equation and so does P

Tru P Xu lg ICI a dimV



X xulga.at y alg integer D

onsider I iiXulg It also belongs to Z Indeed
C

o ni alg integers

exitge are sums of eigenvalues of p go
so they are sums of f

Inixutget I lcit.xrg.gledCi Ci

FÉÉt adf.tt fnteQ
If e Q 725 2 161 dimV I



Burnside's theorem

Def G is solvable if
e G O G 0620 O Gu lo Gn G

Gi Gin is abelian field in

Then Burnside Any group of order peg's a bso is

solvable

Exercise Prove by hands that groups of order cis p

ii pg iii peg are solvable

Thin let U be an imp of G Gee and CCG

conj class s.t G C L Then Ugec either

Xv g 0 or gu is a scalar

Imma Let Ei En be roots of 1 I Ent ten EZ Then

either E En 02 Ent ten to



Proof a Ent ten If Ei's are not equal
lat 1 Then for any a na

a is a sum of roots of 1 dir Gyu all 1
a all a are alg integers

But Ma ez so Tai 1
a'na

So a O I

Profof threm Take pulg Its e v en En coots of 1

Xu g is an alg integer Let u dimer

I ICI Xu lg is an alg integer Lemma

h C1 L Frob divisibility

I a n t b let

XII I eaten is also an alg integer



Indeed 9 a xrlgltb.fr Lemma Et e pug
T y scalar
alg integers on E t ten D

pug o

Then Let G be a fin group
CCG conj class ICI p k Then G has a

proper normal subgroup ie nonsimple

Proof GEC I dim V Xvcg 0

VE ING

Irn G a trivial rep
b D sit dim D p
o N s t dim NIP

Claim F VEN s t Xulg 0

Proof If VED dim VXulg is an aly integer



a If dimVXulg is an alg integer
Dov

O Xa g EdimV.Xulg 2 dimV Xulg 1tpatzdimVxug
VEN VEN

I dimVXulg 0 Xvlg 0 AKEN D

Claim F VEN Xulg 0

acts by a scalar in V and so do all
the elements in C

H ab la bed acts trivially on V Hog

But V nontrivial H G But 1141 I

Proof ofburnsidston Assume the contrary

F a nonsolvable group G IG p g
The smallest group with this property is simple



Then every conj class C satisfies Icl t on

let pq
Then Z G the contradiction I


