
 

Irreducible Indecomposable Lecture 19

17 11 22
Rep V Vi indecomposable

Uniqueness

The Krull Schmidt theorem

In Any f d representation of assoc algebra A

can be unique decomposed into a direct sum of indec

up to isom and the order of summands

Proof Existence obvious

Uniqueness induction by dimV

V Un v t ones
Let it Ve toy
PE Vj Vt

is p's diet similarly



Os P Isi Vi V V

vÉÉÉ vio vit vsd t On Idu

Cema Let W be a f d indec rep of A.lk

Fitting Lemma i O W W is either isom or nilpotent
ii If On On W W are nilpotent
then O t On is nilpotent as well

Prof it

often so Of it
gen eigenspaces Wi

W Wi as arep

If I O O WAW isom Otherwise O nilpotent

Cii Ind by n not obvious Ind step n t h



Assume On Onnilpotent 0 20 is not Then O isom

1 0 0 20 di 00 are nilpotent

is É iiÉÉ ia assumption

C1 O Onn It cannot be nilpotent I

39hm d t On Idu so by Lemma some Os is

isomorphism
Cet O be isom

o pipits V.EEviVi

Im piii tKer p.i So Ker pis o



so V Vi Vi V isomorphisms

V v.tk Vit
IY.i

We have V V U V OU

U V U Claim h isomorphism

dim U dimU

Enough to show Ken heo

Letreker hell So Nev But piv O

P i and Pii are isom Then v0

So V20 Um Vito Un Viz Vi after some perm I



Exercise Prove Fitting's Lemma for IK not alg closed

Exercise Let A R R cont functions

f x fix 1

Mi IR IR fix fix 1
is an A module

Show that A M indec A modules

A M as A modules but

A A MOM as A modules



Extensions of representations

Problem given an algebra A V W reps of A

Classify reps U of A s.t.VE U subrep

W EU v quotient

O V U W O short exact sequence

Direct sum always exists Vowell

Df U is an extension of W by V

Problem given
V W classify extensions of W with V



Example o EQ z A Po

S d o

Sz o e
irreducible A modules

112 6 0 o s Ju si o
In Sz'S

There are nohtriv ext of S by Sa but

no ext of S by Si

Suppose U is an ext of W by V

As a vector space U I VOW
not canonically

Vaea
puca

Pla fla
puca

fla HomCW V

f A Hom W V



Question under which conditions on f this is a rep

Pula palb palab

Prca fca
puca

Puk ft Pulall Hae
O 0 Pwll O Pwlab

Pula f b fla pw b flap The cocycle condition

such maps are called 1 coyotes of A with coat

in Hom W V

They form
a vector space Z W V



Let X W V be a linear nap
dX a pula X X puca

Prof dy is a coyote it vanishes iff X is a

homomorphism of reps
Def Such dXca is called a o boundary

Proof If DX 0 Pula X XPwla This means

XEHOMALEYmophism of reps
dX is a cocyele indeed

pula dX b dXla Pw b pula pulblx Xpt
PIX Xpwla Pwll puca b X Xewla pub

DX ab I



Coboundaries B1 W V

Ext W V Z W
VYBqw

the 1stextension
group

Proflillet f f'e 2 wit f f EB W V

Then the corr extensions are isomorphic
Conversely if y Usu Pula 4th

yea It Pula yt
Then f f'e B W V

So Ext W V classifies extensions

ii Let feExt W V Let Uf be the core ex



Ugly as A reps f if n 0

Theniseclasses of ext are classified by IPExtyw

noutriv C Vow

Prod i f f la dXCa pfaX X Pula

U U

4 tf
This is an isomorphism

commutes with Pula pull
Utu

eat bean
t ll GillO Pula

Utu



Pula pula Xtfla e pula
f'Ca Xpwld

0 Pula O Pula

pula Xtf al fila Xpwla
fla f a Pula X Xpwlal dxca

Exercise For an acyclic quiver W Si

possibly i j
V Sj

compute Ext W V


