
 

Lecture 18
Reps of f d associative algebras

14 11 2022

Schur's lemma

The Density thin V V 0 Un Vi Vj irred

pi A End Ui is surjective

Irreps of Mata k Vikdi
any f d rep is a direct sum of Vi's

Any f d rep of an algebra A

admits a finite filtration Oney avec Cvn V
Vi Vi are irreducible



Radical of an algebra Jacobson radical
A f d algebra over 1k

Goal measure how non semisimple an algebra is

how far from being semisimple

Def The radical of A is the set of all aet
set Pilato for each irred rep pi A End Vi

Votation Rad A

Non example if A End Wi Rad A O

Example Q A Pa Len ez ex
I 2

Irred K o

o k Rad Pa ex
exe eze ex es o

ea two sided ideal in Pa

Exercise Rad A is a two sided ideal



Im i Let I A is a two sided ideal I nilpotent

In D no o Then I CRadA

ii Rada is tf largest nilpotent two sided ideal inn

Proof i let U be an irrep of A
ve V Iv CU subrepresentation

It Into Iv V

Face I XV v se U to them

Iv O hence IC Rad Al

ii Need to show Rad A is a nilpotent ideal

regal
p
AAA It admits a filtration

Ao CA C C An A Ai Ai irreducible

If ace Rada x acts on Ai Air by 0



Ai CA So

xipidIF
A

In.li A f d algebra has only fin many irreps up to is

Iii These reps Vi Vin are fin dim

iii A Rad AF End Vi

Proof ii V irrep NEV AVIV
So Av V dim Vas Y fin din e

0

i Now take Un Vz non isom i22eps

pi A End Ui is surjective
dim A 3 I dim Vi z 2

So A has only finitely many irreps

iii Let Vi Ur be all izzeps of A



p A End Vi

Ker p Radha A

Corollary dim Az É dim Vi analogue of Burnside's formal

Eble 1 A IKE
xn truncated polynomials

IK II
The only izrep of A is IK so acts by 0

Rad A x

2 A ji n

upper triang matrices

H

I I is nilpotent

A A IK Av Xii v are izzeps

dim A n dim I I Rad A



Several definitions of a semisimple algebra

Def recall A rep Vis semisimple a U Vi Vi irred

Defthm A is semisimple if any of theseequivalent
properties holds
n Rad A D

2 dim A E dimm Vi all izzed reps
3 At Mata K
4 Any f d rep of A is semisimple

5 The regular rep of A is semisimple

Prof 1 2 dim A dim Rad A EldimV

If Rad A 0 Ax Mata K a s

If A Mata IN Rad 0 3 n

Last time 3 14 4 5 obvious



Let us prove that 5 13 Let A nivi

Enda A Schum's Lemma no Vi can be mapped
into distinct Vj

End Vi K Enda nevi Mata K

Enda A Matai ik

But Enda A IA

A't Matn.lk
J AI Mata lk Matu IK

Enda A IA Y A A Endomorphism of arep

4111 x

411 n Tyla ay yea ax
7

411 y



Characters of reps

A algebra N fed rep p A End V

Xv a trupla
Xv A Ik linear function

lineage
subspace

A A Coey ye age
A A A Ckerxv

Xu AKA.AT IK

Exercise If V U subrep then Xu Xutxy
Thy i Vi Ur irreps of A Xu are lin indep

ii If A is fin dim'd semisimple algebra
Xu's form a basis of Alla a

Prof i If Vi Un nonisem irreps of A

Pi A End Ui is surjective density that



If I Ni Xu.la 0 for all a

then I Xi Tr Mi 0 V Mie End vi di deco

ii Lemma Mata ik Mata K Stalk XeMatld K

Trx O
Roof C obvious tr XY Y X 0

Need to show LHS Ey 951 i i j

Eii Ejj ji
Eg Ein Emil ifj

Ei j E i Eii Eij A

Effi If A Matai IK
A A Stick This algebra has

z irred repsA A A I IK So Xvi form a basis



The Jordan Hilder Let U be a fin din'd rep off
O V CV C C Vn V O Vic Vic CU'm V

Wi Vi Vin WitV Vil are irred

Then n m Wi 2 Wife for same perm Gesu

Proof For chalk O

Xv Xwi IXw But Xw Xu are

lin indef

Wi Wing I

Remi Does not work in chalk p mult WE halt w
mod p

Fact Jordan Holder then holds in arbitrary char

see Etingof's book 83.7


