
 

Representations of associative algebras Lecture 17

07 11 2022
A associative algebra with 1 A

Def A

Ifta
A in a vector space V

p A End V homomorphism of algebras

Subrep quotient ref direct sum indec irreducible
reps are defined in the standard way

IpofA U s t each subrep of V is

either 0 or V

Morphism U W pfa ay g pula tact



Lemmy Schur Let V W be irreps of A
i Y V W is either o or an isomorphism

Lii End V form a division algebra over Uk

Ciii If IK alg closed End V K

every y i Id

Proof i kerf CV and Imyew are subreps
If y 0 then Kery V Kery o

Im 440 Imy W

So y VFW

ii End V form an algebra over 1K
all nonzero elements of it are isom

invertible

liii y d Id has nonzero kernel for some Nek

so p Afd EO 4 a Id I



example if K R A C V A A

End V a

Def A rep is called semisimple completely

reducible if it is a direct sunfirress
A fin din't algebra A is semisimple if all its f d

reps are semisimple

Ehle If 161 0 IG is semisimple Maschke's H

if Q o o then Pa is not semisimple

Egle If V is irred Y End V is acted on by 1
This rep is semisimple Y In V n dimV

Indeed let on un be a basis in V



End V nu

se son son Un

Let Kbealg
Prep Let Vi i I m be a set closed

of pairwise distinct izeeps of A

V n V Am Vin

Yu subrep

Then WE E V to 02m Um Rishi

y W V y pi pi Zilli nivi

fi is given by malt by an Zixhi matrix with

linearly indef news

Y Vi Vz un Nz Xo
Xi EMatczixni.lk



Proof Induction in n ni Base is obvious

Ind step W O PCW irred subrep

Exercise show that if V is not recess f dim'd

every subrep W contains an ineed subrep P

Then P is isem to some Vi

4 p nivi
Nick

Nts V4 V An not all di's are O

Gi GL no 112 Ani Vi
Ni Na Vi un g

acts on the remaining conf
by identity

Xi to Xigi and the remaining Xj j i

do not changeTake gi in in g 1,0 07



Prep gi Nit 0 0 c ni Vi

Wgi Vi W W'on V 0 ni 1 Vito

Um Um

W Ker Wg Vi 0 00

The density theorem I 1k

Then Density theorem Lite V irrep of A
Nn Nn EV lin indef

Then for any war Wn EV Fact
avi Wo

Proof Assume the converse A W semisimple up
a vi Walts avi ava



If A ul is proper it coz to some axn

matrix X
a 1 I un ur EV Isn

un ur Nn Nn

Since Ren Flin da X in in
t
0 in a 10 so

I Divi un ur X di Ault o contr with lin

indep.tt

The Ci Let be a f d irret of A
Then p A End V is surjective

ii V Vit Ur Vi Vj

Then p pi A End Vi is surjective



Proof Ci B ImpCEndV
Ce End U N un basis of V

Wi Cri

Fact wi avi So pla e

so any Ce Ead U is in Imp qued

ii Let Bi be the image of A in End Vi

B K A in End V

As a rep of A End Vi divi didimV

Then B Bi But due to i End Vi Bi
A



Reps of sums of matrix algebras

A Mata IK
1

Them The irreps of A are V Kd V kd

Any f d rep of A is a direct sum of Vi's with
certain multiplicities

Def V is a rep of A

the dual rep U't is the rep of A def by

f a v flan
A A as a vector space but a b b a

Remark Mat d K I Mat d UK A AT AB BTA



Proof ofthon Vi are irreducible

Let X be an n din't rep of A

a of APIA

yet ya EX p At A X

4 ai an a y tanya surject

y't X Att At At A is then inject

divi din Vi

So X mi Vi as desired



Filtrations
A algebra U its representation

Def A filtration of U is a sequence ofsabre

O V CV C C Un V

Emma Any finite dime up V admits a finite
filtration sit Vi vi are ined

Prof By induction on dim V Base obvious

U CV irrep consider U V U

O CU CU CU C C Unity exists by the
induction assump

Ui Ui are irred



I V VIV U
define Vi I Ui i 22

Then V C Vac c Un has the desired property

NO CLASS this Thursday 10 11 22


