
 

Lecture 16
Proof of Gabriel's theorem

3 11 2022

Im A quiver Q is of fin type
its graph is An Du or Egg There is a bijection

between indes reps of Q and positive roots of the
corresp root system

I Emv di dnt Rta É didi

Last time Reflection functors
Rep Q É Rep Qi i is a sink IE
Rep Q Es Rep Q i is a source

i If U indec then either F V indec

or Fit V O V Si
Same about Fi



Iiit If y Vj Ui is surjective Ii sink

Fi Fit V V

If y Vi V injective i source

Fit Fi V V

iii If y Vj Vi is surjective Ii sink

dim it V1 SildimV

If y Vi V injective i source

dim Fi VI si dim V1

Coxeter elements Let Q be a Dynkin quiver
let 11,2 n be any labeling of vertices

C Si Sn a Coxeter element

Lema Let O 8 2 Kiki K 30 FREIN
Chp has at least one negative of I any negative



Prof W si su IW as FM cm L

Claim As an operator on IR Itc cat tem 1 0

O Atet tem p p apt tch p so some of the coef

of some CNP is co

I ct c 1 em 1 c

Need to show I is not an eigenvalue for c

hence C 1 is invertible

Suppose cu v

Sa Suv V

Sz sur Sir s changes only the dst
cooed of vS V V

Sz Sur V B v di 0 V12 2 0



Proof of Gabriel's theorem
Label the vertices of Q as follows

i cj if there exists a path i j

Y
4 such a labeling exists

ftp 5 for every oriented tree

3
To In particular n is a sink

Ft Ftv welldef Ft Fut Qt Rep Q Rep Q

Let U be an indes rep of Q
V V V Ftv V1 Fat Ftv U't't Ftv

Claim this is a well defined sequence

Thy Ime IN dim V xp V Sp for some p
Proof If U is surjective at k Kei moon then



dim vid dim Fatu s dim V

dim V il
si SudimV

Ft Fat

Claim Mt V 0 for NEIN

This means that for some i V
it

0

itll Fat it not sanjertive at k

Vii Sy
Lito Li

si Rtl ai

Rt Lai y



Sidebar an important lemma about root systems

Ro Rt 4 42,1 an basis in IR

Prep si Li ai O
Rtinis rt this ID simple

Prof pert p 2 P É city
Fj j O

P Blap a Sip Jj Cj Lj
Titi

the j th coord is positive

Sipe Rt I

Tfm P Gabriel 19721 Q Dynkin quiver V inder rep Then
dim V is a positive root

Prof Si Sim dim V xp



Fit Fit U Sp
B dimV dim V1 B lap ap L

Corollary Let V T be indec rep dimV dimt
Then VIV

Roof Suppose Fit Fintv sp
Si SinfdimV xp

Si Sin dint xp
So Fit Fitt is indee with dim ap Sp

Fit Fitt Esp Fit Fiat V

Fiji Fi fit Fit TI Fis Filfit Fit V

v g ed



Path algebra of a quiver

Q.tt
y

Aa Lea it

of
o

d

Q Q Q s t Q Q I jpa path

Multiplication of paths concatenation

P I

Pm pi Ln 2 Pm B an hi if 5437 than

SIP ttt
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e ei lie o i j de g if stat i

otherwise

fix
that
otherwise



I eat ten Ag associative A algebra withf

Rep of Aa p Aa End V

Is
same as a reps of Q

Ii V Vi
up e p

Projectors onto y

V V Un

44 I Vi ex Vi Vi evi

e ear liar ex Vi



Opposite direction V Vi e v Tiv

eat Y IT v

Examples D i s Aa Q eiiez.li
ei e

elsedim Aa 3
eze ere e

2 dim Aa 6

EI
213

3 o o e dim Aa 5

4
1 D2 AQ 1,42 e 9x



5 GI Apex y

Prof I dim Aal s a Q has no oriented

cycles incl loops

Next time repr of finite dim'd algebras

No class on Thu Nov 10.1

Last lecture Dec 5 Mon


