
 

Lecture 4Advanced linear algebra con'd
nogacomm cult 15 09 22

W tensor product vow NEV WEW

5kV symmetric powers v V2 Va Von Via
commutative U GE Sk

Exterior powers of a vector space
wedge powers

chalk 2
Def let V W be two vector spaces KEN

A k linear map
Vx N W

is said to be antisymmetric skewsymmetric

if y M Vi.vn l 41Vi Vitn.vi Va

41 von Vola 1 15.417 Val



Def A vector space A together with an antisya
h linear map
Vx W A
Nn Un Un V21 A UK

is called thexteriorp.ve of V if
for a certain basis en en of V the elements

linn nein Isi size siren form a basis of A

Prof Such a space exists and does not depend

upon a choice of er en

Pf Existence define A Span fin ial
n Gein ein to fin in

Indep upon
a choice of basis eh lu another basis



ein nein can be expressed linearly via ein nein
and vice versa

Exercise Formulate and prove the uniqueness statement

Notation AV A

prep dim A'V Ci h Ina
Pf the basis is given by linn nein kine cinta

dim Sav ng ways to put a apples
into a boxes

dim n'V O for Ron dim A V 1

Let A V U be a linear operator

n'A Win na Aven nava



NA van na da Ivan na A

da deft

Exercise Show that this is equivalent to the formula

def A 21 1 a non Anoint
Jesu

Exercise Obtain the formulas for the row and
column expansion of det

MA V V

tr n't

Exercise Show that tr n't is equal to

coeff in front of A in Xacal della it



def to B

A V V A writ en en

B W w
matrices

B wit fr fm

f
FIf i

an B and an B

suppose that A B are upper triangular we can

obtain this

by a change of
bases e en fi ta



A

B B min
H

A B is upper

air B
Iggy

triangular with
the fiery entries

iifj.frA Bl
I fgpj Ret txa pittman tra tr B



def Axp A p Ma Mm
1 1

Ha in Mn pm defalmfdetB

Rear If A B are diag with eigenvalues

in in fun Mm then A B is diag with

eigenval NiMj
Over Q use the trick diagonalizable matrice

form an open dense subset of Matale

Let us compute tr s't and trait

again can suppose that A is upper triang
or diagonal



Suppose e en is an eigenbesis off

Aei Nili
eigeabasis

SUV is spanned by en É
A ein ein di a din ein ein

Same about A V K th complete symmetric
d polynomial

so fr SUV I din diet halt In
If if flush

elementary sym
polynomial

tr NV Iii din each Tn
is i C Cine n



fr A hat in
Newton power sumstry ft di

rat tit th paint in

Question express ha and en via Pr Pu



Characters of representations
G finite group
V is a finitedin't flex representation

A corollary from the 1st proof of Maschke's turn

p G Gl V homem flism

There exists a G invariant scalar product env

I sit Ige G N we V

gig v pig w V W C is

positive def If linear
v W Fil fi r wl IN W form

IV XW X vWl led



ply given by a unitary matrix

diagonalizable
all the eigenvalues of ply are roots of 1

I hit 1

How to define a diag linear operator A
multiset tin in hit in tr it

Rft tin trite

iii Thi tra

G is a group so knowing trplg Vg FG
we can recover the eigenvalues of each pig

we know tr pig toplgy



Def Let p G Glu be a repo
The character Xp or Xu is a function G a

Xp g tr pig

Ede Let p G G't be the trivial up
Xp 1

Ant so

gtyige.gg 4
GAx finite set

1 0 0 0

pig ex ego ply f

100

O O O O f
n o o o o

Xu g xeX gene X period

Rey Xv e dimV tr Idu



A really important example GAG left
shifts

R G Glen a n 1Gt

perm rep for this action Regular repr

Xrle Gl n

trig o g e

Left shift has no fixed pts g h h g e

at g e

Prep Let V W be two reps of G Thea

at Xvow Ig Xv g Xulg
b Xrow g Xu g Xw g
d Xv g y



Prof Cal A V V

b B w w

AM Vow vow

eigenvalues

in ta Mi Mat
fratB tr AttrB as a multiset

trA B trA.fr B

o A V V has eigenvalues de in

Att V U't has n hi Xi

Ai Ai trot di't ti It tin

Int tit fat



p G GLU

Dual representation

Hom Vid

How to define p G GLU

Y Y p v7 y
v

Want 2 to be invariant under the action
of G

g yip g v
y

u en e basis inv

57 Ju basis in V

p g is given by PG
t

5 es 8ij
Pt g si p g e 8ij



Ag t.gg I pig pigs 1T

If peg then peg Ii

t it


