
 

Tensor products of vector spaces Lecture 3

12 09 22

Multilinear maps k ground field
Vn Uh W

Def A map y V x Vu W is multilinear

if pl Nitpuri 7 141 Vi ft iris I

k 1 linear maps
k 2 Welk bilinear forms

Multilinear maps form a vector space

Hom Vi Vai W

Prof If dim Vi di din W d then

dim Hom Vi Vaw d dad



Proof let et e'd be a basis in Vi

e ed it in W

To define y we need to define it only on

pleat eat e die 1 di

Indeed if v Exalted then

glue Va 5 xd xd fled eat
IE asdic

i Ejuidu

Expand each of pleat eat in the basis

of W

get a matrix of dim kit

of size d x dax da xd D



A basis of Hom Vi Vaile is

formed by

fi
in ial eat eat tote if lingial

Ian th
O otherwise

1Ejed Is ieede

Tensor products V e lie I I I need
not be

W f I jEJ finiteU another ventor space



Prof Let y Vx W U be a bilinear map

TAE IN y leaf form a basis of U
2 U ne U there is a unique presentati

u Ey 4 er Wi where 4 EW

fufu there is a unique presentation

4 5,4 vi fi

Prof 11 121 Indeed if u I xijytei.fi

Then u I ylei Wil when Wi Exist
use linearity of y w.at 2nd argument
in a 131 similarly



Corollary Condition n does not depend upon a

choice of bases in V W

Proof i 13 indep of a basis in V same about it 12

Def A vector space T together with a bilinear map

VxW T

satisfying the condition for Lei if I and fj IFJ
bases of V and W resp e of is a basis in T

is called a tensor product of V and W

Indef upon a choice of bases in V and W

previous corollary

Existence T ti if I jet ei fits tij



Pyp The space T and the map is unique
in the following sense if T E and I 02

are two such tensor products of V and W

then F isomorphism y T I

y NO WI NEW

Proof define y on basis vectors by yleix.fy.lt
eixefj D

Notation denote T by VOW

If V W are finite dime din Vow din V dimW

Eye V Klx W Rly IKIXJOIK.ly Klay
ix y xhym flxlxoglyl fixl.gs



y

VxW 9 u

vÉÉF
Universal property of tensor product

Prof For each bilinear map VxW 74
F Lexi map F Vow 4

sit F vow y v w

Proof define Fleiof plenfil p



More examples of tensor products

From now on V W finite dim'l

V Cen em

W Cf fu

5 5m site 8

W Yo Yn pilfitdi

xW Hou Viv

I it is a w known der W

Ker low Kera Im Low w

rank I linear map every and I map
has the foam now



Corresponds to certain linear map

W Hom IV W

Claim This is an isomorphism

Consider 3ixfj It coor to a matrix

Eji I 1 on the j it th palace O's
on other places

T
form a basis of Hom V W
Isomorphism

VFW I Hom IV W



Exercise Using the universality property as

a definition show that VOW is

well defined exists and is unique
Real life example of field extensions

K CI I
think about Rca

subfield field
4 is a vector space over IK

V vector space over K

VIII I 11g V K vector space



Define the malt by hell as follows

A Mon Ap on

product in 16

V G Vill as v sp over 1k

v to 10N

If en en is a lk basis of V then

toe Hen is an of V11

dimpV dim VCU

VID can be viewed as a K vector space

dim null dima dim complexification of

In particular A d IK IR VIET artier V we V



Tensor products of linear operators

V W

A V V B W W

A B VOW Vow

B now Avo Bw

Let A be given by A in the basis en em of
B it it B it t fi if ofw

eof e fr e fu ez0fi reafn em fi

emofu
basis of VOW



a B arB aim

ByA Be given by the matrix z B AaB AaB

A fi
a

am B amnB

Am Amm

tr B trot Er B

Exercise Express def AB knowing data
and detB



Properties of teaser products

Prof there exist canonical isomorphisms
not involving bases

11 VOW I W OV commutativity

21 VOW 4 ENOW U associativity

3 V W 4 If W Van distributing

Proof Left as exercise

We can define V Vex Va it does not

depend upon the order of milt



For this product there are analogues of
properties shown for of two spaces

In part Hom Vix Va W Hom U Y Wl
Flu Va Y Vi Val

is an isomorphism

Def Elements of the form v 0 Uk Nichi
A

Vix Ve
are called apostle tensors

Rem The sum of two decamp tensors is not
necessarily decomposable



Elmpe VE W e Hom LV W
v

a W linear maps of rank I

Notation U't

Vips
Symmetric powers of vector spaces
V U vector spaces

tk linear map V x V U is symmetric

if 4 van Via 4 v Va



Def A vector space S with a symmature

k linear map KEV S

Nn Walts É Vu

is said to be the k th symmetric power fu

if for some basis er en of V

the elements ein line Isi size fi.tn

form a basis of S

Prof Such an S exists and is independent

upon a choice of basis in V



Proof Existence construction

S fi i i I Kiis einen

Vx V S

ein eia to fin in

Exercise dim Shu Chi
t

Exercise Formulate and prove uniqueness for S

Notation Stv S K the symmetric
power of V



Let A V V

Sid S V S V

V Va to A Uni Ava

Exercise In show that tr S'd 14nA tra

12 Find a formula for to 53A


