
 

Lecture 2
G group 08 09 2022

V finite dime vector space
oven 1K mostly we'll have 1k e

Def Repr of G in the space V is

homomorphism p G GL V

pig pig

Category Objects

Morphisms nice maps between objects



What are morphisms between reps of a group G

Let V W be reps of G

G GLU let y V w

be a linear map
GL WI

Def y is said to be a Effigy or

ifeng.hni.gs
thing

if V 9W

fly ftp.g
is commutative i.e

palg y y p.ly tgeG



Define Kery CV Imy CW image

kernel Lvov 19107 01 Yew Frev get w

Prof Kory morphism Ker y V and Im Cfcw
are

subrepresentations

PI Let ve kerf 4107 0

Need to show Uga G p lg r fkery

ftp.igl o o

Exercise Show that a

pig 917 0

Imy is a subrepinW



The let G be a finite group

p G GLIM fin dim't up chat 1kt Gl
char IK o

Then V is completely etible I subup UCU

I subrep WCV

sit V VOW

Pf to V V is said to be a projector if Ifi

T.fm'T Id Keri Imi V

Let to be an art projector V UCV

on IT U



Generally speaking Kent is not nescess a subtep

Consider it h Eg it 1g a

T V v pig jig
Chaim IT is a morphism of reps

Indeed need to show phot it.ph
plhl.it.p h it

hath ul_tIhgt.g't've hg a hg ve

gEG geG

Tyagi g v
it



g

This means that Ker it is subrep

IT is a projector onto U

So V Keri U
W

Remark about semisimplicity Abelian groups

21 4272 22 24
2

2
22

But 2142,42122 02221
Abelian groups
are not nice



Reps of finite groups are nice

the category Rep is semisimple

every rep is a direct sum of irredaibl
representations

irreducible representation irrepa

Schuristemma Let U W be tittup G

p V W Then a y is isom or 4 0

morphism of G reps
b If K A V W

then y V V p i Id



Proof a VS W Kerry is either V
N U

4
0

Kery Imy
or Ker 4 0

Tsubufs
Y is a noonemorfhism

Im 4 0 14 0

naw
i

b q V V p aid V V is amorphism for
IId V V any tea

Y has an eigenvector VEV
YEE

YU AV

4 Itd v O Kerly aid 0 So Kerly Atti V Id



Bach to Pf of Masaki's than

T V U CV projector

IT

Idf Y'tg need to check Id
know that Im ti U Im it Imi U

T.lu Id I u Id
4 since U is

c U Apply it tu

if gi.gg
b

Fa g gu ta Jean u



Show that Im it CU

tr ta g t.gr EU

Prep For each rep V of a finite grp G
there is a decamp

V Via V4 to Via
The summands Vi and their mutt ai are

uniquely determined

Pf Existence from Maschke's theorem



Uniqueness W Wgbig

y i Wj bi

Each summand Vita is mapped into Wf for
WJZ Vi Schur's lemma

Apply this to the identity not Id V V

B

Sometimes we'll write Ve a V awe



Three fundamental problems of rep theory

in Given a group G dassify all its

irreps

2 Given a rep V decompose it into irreps

V V
ai

3 Plethysm For V W irreps
solve 12 for VOW ineps

Shu NV



Representations of Abelian commitativel groups

GAV Ugcc V V not necessarily a G mouflism

Is a morphism if pthplglpthi ply theG

if pingly piglets true if hg gh thee

ie if geZ G

If G Abelian V irred pig V V morphism
Schur's Lemma ply n Id KgeG
Any subspace UCV is G invar Vizzed

dimV 1



Ty Each inep of G abelian has dim 1

p G G't characters of G
If IGicaThey form a

group

G IG no canonical isom Papally f g pig

S permutations of 21.2.33

What irreps of Ss are there

I dim'l U S at w 1 Trivial
U S at w sgnwe 113

The sign rep
2 din't V tautological up



S A I x xz s by cooed Perm

111,17 EU trivial VEnov

Its what is V L x xz Xsl x tax o CV

Exercise Prove V is an izzet

S A e e 11231 T2 Abelian subgroup
T Id

SAW Wi I I Wi Xi Wi 13 1

Yell w w

6 112 per 620 7

W I fiefsOT T's

Wi eigenvector for t GT 26



Claim GW is also T eigenvector with eigenvalues

TOW TFW G NEW RE GW

Casely If Twi Kiwi Ritt

clown di wi lift

Wi Owi span a 2 dim'l repo

Exercise Show it is isom to V

Casey if ni h Twi Wi

G Wi is either wi ou lin indef

Za Owi I Wi J Wi spans a I din't up
Twi Wi U or U



2b Owi X W W Owi

Wi Owi

T acts trio

U

Witowi Wi
Éw own T

u u

Exercise decompose the reg up of S into

irreps
U U V din'dI

I din't


