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Lecture 1What does Representation Theory study 05 09 22

Groups act on sets
vector spaces

manifolds

Linear algebra

How do groups act on vector spaces

over various fin dim

Liegroups
fields a.IR g

Tnf
dim

finit

T
add structure

discrete
groups groups Gun Oln
































Starting point for Representation Theory

square table Kkk
Richard Dedekind Georg Frobenius replace gi by Xi

get matrix C
Let G be a finite group

Take the Cayley table of thegroup G D
detc.ggthe malt tableofG

4 TI fi degfi di



Example G S

e 11231 11321 127 1231 1131 e t s X Y Z

11231 1134 e 1137 1211231 t s e Z x y
11321 E 11231 1237 1131 iz s e t y Z x

127 1237 113 E 1123 1137 X y Z e t s

1237 1131 1121 11321 e 11231 y Z X S e t

13 1121 123111231 11321 e Z x y t s e

Compute the determinant





15,1 6 12 12 22

Etercise Compute the Cayley def

for 2 pz and expand it as

a product of linear
factors



Def let G be a group
let U be a fin dim'd vector space over K

A representation of G in V is

a homomorphism p G GL V

nondey linear operators
on V

p G Civ plgiplga p g get

g pig V V pie Itv dj
plyl are nondeg



Edes o Trivial repri G Glen

g Idu

1 M C IR V M founded subset

Sym MC GLU group of gigM M

Sym M acts on V

g linear mat VIV

2 Permutation representation
GA X finite set Vx Spandex ace X

g ex ego 24 Su AE re erin
tautological up of Sn



2b Left Regular representation

G AG left shifts AG span Lee HG

g high g en egh

2c right regular rep
GAG

BAD gigs h g g oh g g oh g gel

a

Iggy hgigi
AB B A



W Fulton J Harris
Repr theory a First Course

J P Serve Reps of Finite Groups

P Etingof et al also on arXiv



Terminology p G G V

V rep space or just
representation

dim pi dim V

pig pig gu g

Producing new reps
V W V to W direct sum

V W

U

Hom V W EV W



P G Gt V un w w

er G Glen Ig

PHP G GL Vaw

Matrix of pig g are block diag simultaneously

Subrepresentation p G GLN

is a subspace UCV s.F pig UCU tg.GG

O VCU are always subreps

Exercise Define the quotient refr Y sk epYy



Deft p G Glen is said to be indecomposal

if it cannot be presented as V W U

W U CV subreps W U 0

Def p C GLIM is said to be irreducible

if V does not have nontrivial supreps

Is the inverse true NO Bad News

counterexample 2 t Aa cen.es

p n to fi pin enter eat eat ne



Exercise Check that this is a rep gap homomonfhi

Spanked is a subrep the only one

11 has a unique invariant line span

This up is indecomposable but not

irreducible

semi simplicity
Good news For G finite
Any subrep has a direct complement



Def A rep V of a group G is

said to be completely reducible
if fort subup U EV I subrep WE V

HOW V

Thy Maschkel For G finite group

up over a field 1K char KX IG
V is completely reducible

Today IK IR or Q



Idea if f 1 Encledian or Hermitian

inner product on V

then for UCV we have Uto U V

Def An inner product on V is called

Grant if gu gu IV W tgeG

Lemme For each real or epix sep V of
a finite grp G V has a G inv

Eucledian resp Hermitian inner product



PI Let 1 be an art End Her

f n g form
Define its average over G as follows

v w
g

I gu gu
geG

Obviously C g
is G invariant

indeed Chu hw agr hgw
GGG v w G



Pf of Maschke's theorem

Let U be a ref of G over Rou

U CV subrep

Consider a G inv Each Herm form C

W Ut we VI u w O Yue U

Then U W V as vector spaces

Need to show W is a sub rep
i e give W for any ge G Wew



I
Igw a go Vuell

invariance

gt.gw.g ula lw.gr 0

So gut u Huey hence gweW
W is indeed a subrep I

Cor Any real or apex rep of a finite

group is completely reducible

Exercise Find a rep of G over Ip that is
not completely reducible


