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18. BOCEMHAIIIATAS JIEKIIVA, 14 ®EBPAJISA 2023 T.

18.1. IIpsimbie mpousBesieHus. /s Hava a HAIIOMHUM TOHATHE IIPSIMOTO TTPOU3BE/Ie-
HUSI TPYIIIL.

Omnpenenenune 18.1. ['pynma G packiaabiBaeTcs B npamoe npoudsedenue CBOUX O
rpyun Gy, ..., Gy, ecin:

(1) xaxkzpIil 91eMeHT g € G eIMHCTBEHHBIM 00PA30M IIPEJICTABIISIETCST B BHJIE [TPOM3-
BeJleHUs § = g1 . . . gk, e g; € Gy,
(2) 9i9; = g;9: 1pu g; € Gy, g; € Gy, i # j.
O6osznauenne: G = Gy X -+ X Gy.

Bo-nepsbix, u3 yciaosus 1) (TouHee, U3 €IUHCTBEHHOCTH TAKOIO IIPEJICTABICHHUA) CJle-
) )
ayer, 1uro G;NG; = {e}. dasee, ecin yciioBue 1) BBIIOIHEHO, TO yCJIOBHE 2) PABHOCUIILHO
TpeboBanmio HopMasibHocTr rpymn G;. Jlokazkem 3To.

JIemma 18.2. ITycmov Gy u Go — nopmasvnoie nodepynnu 6 G, npuvem G1 NGy = {e}.
Tozda G192 = g2g1 Oas aobwix g1 € G, go € Gs.

Jloxasameavcmeo. JlokazkeM, 9To g1gag; L5+ = e. JeiicTuTensHo,

919297 95" = (9192097 )95 ' € Go,

T.K. B CILTy HOPMAJILHOCTH TPyIILl Gy mMeeM g1 gag; - € Gy. Tlo Toii xKe mpuanne gigag; gy
g1(g297 95 ") € G1. Buauur, 91929, "9, ' € G1 N Gy, TO ecTh PaBHSICTCS ¢MHUTIC. O

PaccmoTpuM cirydait AByX MHOXKHUTEEH OTIETHHO.

IIpeagoxkenne 18.3. ['pynna G pazaazaemcsa 6 npamoe npoussederue C6OUT nodzpynn
G1 u Go mozda u moavko mozada, Koz2da

(1) G1 u Gy — nopmasvrvie nodepynnoi;

(2) GiN Gy ={e};

(3) G1G5 = G, m.e. kaocowii anemenm g € G npedcmasasemea 6 eude g = g1gs, 20e
g1 € G1, g2 € Ga.

Jloxazamenvcmeo. JacTb «TOJBLKO TOTAa» JOKasaHa Bbime. IIycTh Tenepb BBITOJTHEHBI
yesoBust 1)-3). Torpa mo npepiyiieii jgemme g1gs = gogr ipu g1 € G, go € Gy. Ilpose-
PUM eJIMHCTBEHHOCTH TAKOrO HpejcTaBaeHusd. IIycTh g1gs = §172. Torma ;g1 = ¢20, €
G1 NGy = {e}. Tloaromy g1 = §1, g2 = Jo- O

Beirtie MbI nipejiiosiarasin, 9to rpymibl (; — MOJArPYIIBI B OJIHOW U TOM »Ke TpyTie
G. B sToit cuTyanun MHOT/IA TOBOPAT O GHYMpPeHHEM TPSIMOM Ipou3BejeHnu. MoxKHO,
HA0OOPOT, It 33JIaHHOT0 Habopa rpymn G; (BooOIe TOBOPsI, HE BJIOXKEHHBIX B KAKYIO-
TO GOJIBIIYIO0 TPYIILY) MOCTPOUTH Takyto rpymiy (, Koropasi OyJIeT pacK/ajbIBAThCS B
MIPSIMOE TIPOU3BE/IEHNE CBOUX TOATPYII, n30MOPMHBIX G;.

Onpenenenune 18.4. [Ipamwvim npoussedenuem rpyun Gy, ..., G HA3BIBAETCI MHOXKE-
CTBO TIOCJIe/IoBaTe/IbHOCTER (g1, ..., gk), /i€ g; € (G;, C IOKOMIIOHEHTHBIMU OIIEPAIIUSIMU
YMHOXKEHUSI U B3siTusi obparaoro. Obozuatuenune: Gy X - -+ X Gy.

dcno, uro Takme onepanun 3aai0T HA G X - -+ X Gy CTPYKTYpy I'PYIIIbI, €IHHHUIEH
KOTOpOii siBjisiercst HaOop (e, ..., e). Kpome Toro, kaxkmas u3 rpynn (; BKJIAJBIBAETCS
B Gy X -+ X G} Kak noarpynna: g; — (e,...,e,g;,€,...,€), rjie HeeJUHUIHBINH JIEMEHT
crout Ha i-M Mecte. Torga Gy X - - - X (G, ecThb 1npsiMoe Tpou3BejieHne cBoux noarpytn G
B CMBICJIE TIEPBOT'O OIIPEJIEIEHNUS.
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ITpumep 18.5. ['pymma HenyneBbx KoMIieKCHbIX dnces C* pack/iapiBaeTcs B IPAMOE
npousse/ienue rpymi Ry x U(1), e U(1) — rpymiia KOMIUIEKCHBIX 9HCEJT €IMHITHOTO MO-
JiyJist. DTO HE YTO MHOE, KAK [PEJICTABICHIE KOMIICKCHOTO YUC/Ia B TPUIOHOMETPHYECKOIT
dbopume: z = re’? (19 HEHYJIEBOTO YUC/IA 3TO NPE/ICTABICHUE €JIMHCTBEHHO).

IIpumep 18.6. Kazkioe JBUKeHME IJIOCKOCTH MOYKET ObITh IIPEJICTABIEHO, IIPUYIEM €/I1MH-
CTBEHHBIM 00OpPa30M, B BHUJE KOMIIO3WIMH apaJsljIelbHOIO MePeHoca M OPTOrOHAIBLHOTO
npeobpazoBanusi (COXpaHSIONEro Havag o KoopjuHat). OJHAKO 9TO He IPAMOE MPOU3-
BeJIeHHe, T.K., HAIIPUMED, MOArPYIIa OPTOTOHAJIBHBIX ITPEe0OpPa30BaHmii HE sIBJISIETCS HOP-
MaJIbHOII B TPYIIE BCEX JBUZKEHUil (Ui, HHaYe TOBOPs, OPTOrOHAJIbHBIE TIPE0OPA30BAHIMST
He KOMMYTHUPYIOT C TapaJijIe/IbHBIMU TIEPEHOCaMHE ). 3aTO OKA3bIBAETCsI, UTO ITO SIBJISICT-
csl Pa3/IoKEeHNEeM B TaK HA3bIBAEMOE NoAYNpAMoe npoudsederue, 0 KOTOPOM pedb MOMIET
JTaJIbIIe.

18.2. ABTOMOpPdU3MBI TpYIIIL.
Onpenenenune 18.7. Asmomopgusm Tpymibl — 510 €€ m30Mopdu3M Ha ceds.
IMpumep 18.8. Orobpaxenne A — (AT)™! apngerca aBroMopdU3MOM IPYIIIBI MATPHII.

Bce aBromopdusmbr rpymmnst G oOpasyroT rpyiiny, obosHadaeMmyo depe3 Aut G.

JTroboit sement g € G 3amaér apromopdusm a(g) € Aut G npu momomw conpastce-
nus: a(g)x = grg~'. Takue aBTOMOP(DU3MBI HAZBIBAIOTCA GHYMPEHHUMU, UX MHOXKECTBO
obosznadaercs Int G.

HAcno, aro Int G — nmoarpynmna B Aut G. Dta noarpyinna HopMaJbHA: JIJIsd JIIOOOro aB-
romopdusma ¢ € Aut G Bepno, uro pa(g)e~ = a(p(g)).

Urak, y Hac umeercs orobpazkenne G — Aut G (kaxkjaomy ssieMeHTy rpymmsl g € G
corocrasJisieTcsi BHyTpeHHuit apromopdusm a(g) € Aut ). HecsioxkHo mpoBepuTh, 4T0
9TO OTOOpAYKEHUE SIBJISIETCSI TOMOMOP(DU3MOM:

a(gh)zr = ghx(gh)™" = ghxh™'g™" = a(g)a(h)z.
Ero sipo — oo nienrp Z(G) rpynust G. Io Teopeme o romomopdusme Int G = G/Z(G).

ITpumep 18.9. Ilpu n > 3 menTp cummerpudeckoit rpymmb S, TpubnajeH. [losromy
Int S, = S,,. MoxHo JiI0Ka3aTh, 9TO Ipu N # 6 HUKAKUX JIPYIUX aBTOMOP(MU3MOB y S,
Het, a upu n = 6 moarpymma Int G C Aut G umeer ungexc 2.

IMpumep 18.10. Haitném rpymmy Aut Z,. Iyers ¢ € AutZ,, (1) = k. Toraa
o) =Tl =TT,

/e YMHOYKEHUE TIOHUMAETCs B CMBIC/IE KOJIBIA Zy,. Takum 00pa3om, BCAKUT aBTOMOPQMU3M

rpyunbs Z, uMmeer Bui @ : { — k{. Obparno, mis jgoboro k orobpaxkenune ¢ +— kf sBiis-

eTcst TOMOMOP(MU3MOM I'PYIIILI Z;, B cebs. 3HATUT, TOMOMOPMU3M Q) SIBJISIETCS ABTOMOP-
dbuszmom Torja u TOILKO TOrJA, Korjia k o0paTuMo B KoJblie Z,. [llostomy Aut Z, = Z.

18.3. Kommyraur. Ilycrs z,y € G — aBa syemenTta rpynmnbl. X xommymamopom Ha-
3piBaeTcs sseMenT (z,y) = xyry~!. OdeBujHbI cieyroNme CBoCTBa KOMMYTaTOpa:

(1) (z,y) = e Torma u TOJIBKO TOI/IA, KOTJA & U Y KOMMYTHPYIOT.

(2) (z,y)"' = (y,z) (obpaTHBIi K KOMMYTATOPY 3JEMEHT CHOBa ABJISIETCH KOMMYTa-

TOPOM).
Hamnporus, npoussejienne JByX KOMMYTATOPOB HE 00A3aHO OBITH KOMMYTATOPOM.
Bce koMMyTaTOpBI TOPOXKIAIOT TOArpyIny B (G, KOTOpas Ha3bIBACTCH KOMMYMAHMOM

rpynnsl G (wim, pexe, eé npouseodnot epynnot) u obo3nadaercs depes G

G = {((z,y) | z,y € G).
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fAcno, aro G' = {e} Torma u TospKO TOrIA, KOTAa G abesesa.

[Iycts ¢: G — H — romomopdusm rpymi. Ilockonbky ¢((z,v)) = (¢(z),¢(y)), T0
©(G") C H'. Eciin ¢ Kk ToMmy ke sBJgiercs srmmopdusmom, 1o o(G') = H'.

Teneps Bo3bMéM B KauecTBe H camy (G, a B KauecTBe ¢ — KaKOW-HUOY/Ib €€ BHY TPEHHUIT
apromopdusm. [lomyuaercs, aro p(G') = G'. Do 3uaunt, uro G’ — noArpyina, MHBaA-
pUAHTHAsT OTHOCUTEJIbHO BCEX BHYTPEHHUX aBTOMOPMU3MOB. 3HAYUT, OHA HOpMaJIbHA B

G.

B cnemxyromuit pa3z MblI JJOKazKeM TaKylO TEOpeMy.

Teopema 18.11. Bceaxas nodepynna H C G, codeporcawan G, nopmasvna. Ipu smom
daxmopepynna G/H abeaesa (6 wacmuocmu, G/G' moorce abeaesa). Obpamno, ecauw H —
makas Hopmarvhas nodzpynna 6 G, wmo G/H abeaesa, mo G' codeporcumes 6 H. Jpy-
eumu crosamu, G — naumenvwan nopmaavras nodepynna 6 G, daxmopepynna no xKo-
mopoti abenesa.



