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7. CEAbMAS JIEKIIUA, 18 OKTABPA 2022 T.

7.1. OcHoBHas TeopeMa O CUMMETPpUYECKHNX MHOrod/JieHax: €JMHCTBEHHOCTb.
,ZLOK&)KQM CIMHCTBCHHOCTDb TaKOI'O BbIPa2KCHM. Hpe,D;HOJIO)KI/IM IIPOTHUBHOE: IIyCTb Hali-

JIyTCsT TaKue MHOTOUIEHB! §(Y1, ..., Yn) U G(Y1, .-, Yn), 910 g(01, ..., 0,) = (01,...,00).
[Mosnoxkum h(yy,...,yn) = g — g; nonydaem, aro h(oy,...,0,) = 0.

[Tokazxem, aro h = 0. Ilyctb Ay (Y1, ... Yn),- -, hs(X1, ..., X,) — Bce HeHyseBbIE MO-
HOMBI, Bxojsmme B h. [lycrs w;(xq, ..., x,) = ht hi(oy,...,0,) — crapiue 4ieHb MHOTO-

YJIEHOB, KOTOPBIE TIOJIyYalOTCs IIPH TOJICTaHOBKe 0 B h;. Coryacuo jiemme 6.18,; cpemn w;
HET IPOIOPIUMOHATLHBIX. Beibepem cpesau nux crapimiit Mmorom. Ilycrs 3ro Oyaer w;. [lo

HOCTPOEHUIO, W CTAPIIe BCEX OCTAJBHBIX MOHOMOB, BXOAAMUX B hi(oq,...,0,), 1 Beex
MOHOMOB, BXOAAIHUX B h;(01,. .., 0,). [losToMy moc/e nmpuBeiernst mogoOHBIX CJIAraeMbIX
B CyMMe

h(o1,...,00) = hi(o1,...,00) + -+ hs(o1,...,04)

YIEeH w; COXPAHUTCs, T.K. eMy He ¢ KeM Oyzer cokparutbcd. [IpormBopeune. 3uaqur,
O1,y. .., 0p GA2EOPAUMECKU HE3ABUCUMDL.

7.2. @aKTOPUAJIIBHOCTh KOJIbI[A MHOT'OYJIEHOB HaJl (PaKTOPUAJIBHBIM KOJIBIIOM.
OcHoBHas TeJTb OCTABIEHCsT JaCcTH STOH JIEKIIUKA — JI0KA3aTh TeopeMy O (haKTOPUAb-
HOCTH KOJIBIIA MHOIOYJIEHOB HaJI (DaKTOPHAJILHBIM KOJIBIIOM. XO/I JOKA3aTeIbCTBa OUYe€Hb
[OXOK HAa JIOKA3aTeJIbCTBO TOil YKe TeopeMbl I KoJIblia Z x|, pazobpaHHoe B JEKIuH 5
(Teopema 5.12).

Jlast sTOoro HaMm cHadaja IOHAIO0OUTCS BBECTH JIBE TEXHUYECKHE KOHCTPYKIIUH: BO-
[IEPBBIX, JO0Ka3aTh CYIIECTBOBAaHME HAMOOJIBIIErO ODIIEro JAeJUTE/Is 3JIeMEHTOB B IIPOU3-
BOJILHOM (DAKTOPHATIBLHOM KOJIbIE. BO-BTOPBIX, MBI BBEJIEM KOHCTPYKITHIO TIOJI YACTHBIX
(1oJ1s1 OTHOIIEHWI) JIAHHOTO MEJIOCTHOrO KOJIbIIA: 9Ta KOHCTPYKIs Oyjier 0600maTh mo-
CTpoeHHe paHI/IOHaJH)HbIX quceJr ¢ IIOMOIIBbIO ITEJIbIX.

7.3. Haubonbmiuii obmuii nesuresib B pakTopuajaibHOM KoJibile. [lycts A — mpo-
U3BOJIbHOE (raKTopuajbHOe KOJbIo. HamomumMm, 4T0 HamOOJILIIMM OOIINM AEJIATEIEM
(HOZL) nByx semenToB &,y € A Ha3bIBaeTCs TAKOM 9JIeMEeHT 2 € A, KOTOPBIii, BO-1IEPBbIX,
JIEJINT T U Y, & BO-BTOPBIX, JJId JIFOOOTO W, JEJSIINEro & U Y, SJEMEeHT W JIEIUT Z.

Boobiiie rosopsi, cyliiecTBoBaHe TAKOTO 9JIEMEHTa HAJI0 JO0KA3bIBaTh. B KOJIbIax riias-
HBIX HJIAJIOB 3TO CJIEJIOBAJIO U3 TOTO, UTO ujIealt (X, Yy) MOPOXKJIEH OJHUM 3JIEMEHTOM (3TO
u ectb ux HOJI); st dakTopraibHBIX KOJIEI J0Ka3a3aTe/IbCTBO B KAKOM-TO CMBIC/IE
nporre u omke K Tomy, kKak HOJL onpesiessiyicss B MKOJIBHOM Kypce ajiredphbl.

IIpennoxkenune 7.1. Jlis ao0bvxr dsyx ssemenmos gaxmopuarvhozo koavua A ux HO
cywecmeyem U eOUHCMBEHEH € MOYHOCTDBIO 00 YMHONCEHUA HA 0OPAMUMDLT INEMEHT,
KOALYQ.

Jloxaszamensvcmeo. EnuacrBennocts odeBnana: ecau cymectByior gasa HOJ/la, 3magur,
OHU JIJIAT JIPYT JIPyTa, T.e. OTJINYAIOTCH Ha OOpaTHMbI MHOXKHUTEh. JloKaykem cytie-
CTBOBAHUE.

Paccmorpum jiBa sstemenTa x, y. Paziokum nx Ha HenmpubojuMble MHOKUTE U, [lycTh

_ k1 ke kr
x—p1p2 "'p’r‘7

— 1 b2 1
Yy=cpypy -0
rJie p; HEPUBOJAUMEL, a k;, {; > 0 (paBEHCTBO HYJIIO OTBEYAET CJIydaio, KOTJa p; B Pa3yo-
JKeHIe He BXOJINT).
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fcno, aro smement z = pi™ ... pI" neauT T (COOTBETCTBEHHO ) TOT/A U TOJIHKO TOT/IA,
korya m; < k; (coorBercrBenHo m; < (;) mpm Bcex i, He mpeBocxodAmux . Ilosromy
HO/I s;iemenToB x u y umeer Bu/I

_min(k1,41) min (k¢

w=p,; . pinCen )

TaKOﬁ QJIEMEHT OCJINT T U Y, U B TO 2K€ BPEMI BCAKUI JIEMEHT, ,H,eJIﬂuLI/II'/’I r ny, 1eJiuT
u w. |

7.4. ITosie wactHbIX. [lpu go0Ka3zaTeabCTBE TEOPEMBI 0 (DaKTOPHAIBLHOCTH Z || MBI BKJIa-
JIBIBAJIN KOJIBITO 7 B TI0J1e paruoHabHbIX duces Q. O0o0mmuM 9Ty KOHCTPYKITHIO Ha TPO-
U3BOJIbHOE IEJIOCTHOE KOJIBIIO.

Urak, myctb A — NpOU3BOJIBHOE TEJIOCTHOE KOJIBIIO. PaccMOTpuM MHOYKECTBO Iap

A x (A\{0}) ={(a,b) [ a,b € A,b# 0}
BBe,Z[eM Ha 9TOM MHOZKECTBE€ OTHOIIICHUEC:
(a,b) ~ (a',b"), ecom ab' = a'b.

Jlerko mpoBepuTh, YTO ITO OTHOIIEHHE OYJIET OTHOIIEHUEM SKBUBAJIEHTHOCTH (IIpOie/iaii-
Te 910). O603HAINM (HaKTOPMHOXKECTBO 110 ITOMY OTHOIIEHUIO SKBUBAJEHTHOCTH Yepe3

Quot A.

Beenem na Quot A onepariun ciioykenusi, YMHOXKEHUS U B3sITUsI 0OPATHOTO 110 MPABHUILY:
(a,0) + (c;d) = (ad+be,bd),  (a,b) - (e,d) = (ac,bd),  (a,b)™" = (b, a).

Kpowme Toro, onpejenm Biaoxenne A — Quot A, nepesojginee a B (a,1). Dro, B gacr-
HocTH, 3azacT HaMm B Quot A nynb (0,1) n equaumy (1,1).

Yupaxkuenue 7.2. [lokaxkure, 9TO olepalun CJI0XKEHUs, YMHOKEHUA U B3ATUsI 00paT-
HOIO KOPPEKTHO OIpejiesieHbl Ha (akTopMHOKecTBe Quot A, M 9TO OHU IpPEeBpaIaioT
Quot A B mote.

Onpenenenne 7.3. Muoxkecrso Quot A HazbiBaeTCs noaem wacmuvix (UIn nosem om-
HoweHul) Kosbia A.

¢lcHo, 9TO mepBBIil U BTOPOIT 7eMeHThl napbl (a,b) caeyer BOCIPHHAMATH KaK 9HC-
JINTEJIb ¥ 3HAMeHaTe /b JIPOOU; TOr ia OlpeJie/IleHHbIe BBIIE OIEepaIllnid KakK pa3 OTBEYAIOT
omeparugaM ¢ JIPOOIMH.

ITpumepsr 7.4. Tlose yacTHBIX KOJIbIA Z — 3T0 panuonasbuble dnciaa Q. [Tose qacTHbx
KoJIbIfa MHOTOUIeHOB K|x] Ha3bIBaCTCS nosem payuonaivuve @yrkyud u 0603HATACTCS
gepes K(z).

Yunpaxkuenue 7.5. [lokaxkute, 9T0 110J1€ 9aCTHBIX KOJIbIA (POPMAIBLHBIX CTEIIEHHBIX Psi-
nos K[[z]] ects none pados Jlopana K[z, 27!]] (kommuecTBo HenyneBbix koaddunpmentos
[IPU OTPHUIATEILHBIX CTEIEHAX T B TAKUX PsijlaX KOHEYHO).

7.5. @aKTOPUAIBHOCTh KOJIBI[A MHOTOYJIEHOB HAaJl (PaKTOPUAIIBHBIM KOJIBIIOM.
B sTom pazgesnie Mbl JJOKaXKeM CJIeIYIONLYIO TEOPEMY.

Teopema 7.6. [Tycmv A — daxmopuarvroe Koavyo. Toeda u KoavUo MHO20UAEN06 AlT]
mootce harmopuanvHo.

W3 sroii TeopeMbl MOMEHTAJIbHO I10JIydYaeTCd II0JIE3HOE CJICCTBUEC.

CaexncrBue 7.7. Koavyo MHO204AEHO8 0M HECKOAKUT Nepemennuir Alxy, . .., T,] dax-
MOPUANDLHO.
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JlokazaTeabcTBO TeopeMbl 7.6 B OCHOBHOM IOBTOPSIET XO/I JIOKA3aTeILCTBA TeopeMbl 5.12.
[TosTomy psi1 mogpodHOCTEl B JIOKA3ATEILCTBE MBI OILYCTHM.

Jloxazamenvcmeo meopemuv, 7.6. Ilycrs f(z) € Alz]. Kak u jyist nesioumciieHHOrO cityvast,
otpesiesum codeporcanue cont f € A muorounena f kak HOJL ero koaddurmenTos.

Jlemma 7.8 (Taycc). Codeporcanue mysvmunaiukamueno:

cont fg = cont f - cont g.

Zoxazamensvcmeo. Jloctarouno joKa3arh, 910 ecau cont f = contg = 1, To u cont fg =
1. Ilpeamosioxkum, aTo cont fg i p, TJe p — HEKOTOPBIN HEMPUBOJMMBIA JIEMEHT. DTO
3HAYUT, 4TO KOJIbIO B = A/(p) nenocraoe. Pacemorpum stmmomopdusm dakropusanum
A — B; on upogo/kaercst 10 snuMopdusMa Kosier, MHorowieHoB Alz| — Blx]; mocsesn-
Hee KOJIBIIO TakKzKe Oyjer meaocTHeM. Ilomydaem, uro fg € B [z] paBusiercst Hymo (Bce
KO3 PUIMEHTHI 3TOr0 MHOTOUJIEHA, JIeJisiTCst Ha p). Ho MHOrOUYIeHbl f U g NPUMUTHBHBI,
T.€. X 00pa3bI ? 1 ¢ OTJIMYHBI OT HYJISL; IPOTUBOPEYNE ¢ HEIPUBOAUMOCTBIO. U

Jlaee oboszuaunm depes () = Quot A moje 9acTHBIX KOJbla A. 3aMeTuM, 9T0 KOJIBIIO
Q[z] — 570 KOJIBIIO MHOTOYWIEHOB HaJI MOJIEM OT OJIHOI TIEPEMEHHOIA, T.€. OHO eBKJIHJIOBO,
a 3Ha4INT, PaKTOPUAIbLHO.

Anajiornuno ciaegacTuio 5.11 MOXKHO JI0Ka3aTh TAKOE YTBEPKICHUE:

CaencrBue 7.9. Ecau mnozounren f(x) € Alx] packaadvsaemes ma nenpusodumvie co-
MHONCUMENU KK MHo20yAen u3 Q[x], mo on packiadvieaemca na HenpueoduMble COMHO-
orcumenu moti orce cmenenu ¢ koapduyuernmamu uz Alzx).

Tem caMbIM MBI OJTy9aeM KJIacCudUKAIUIO HEIPUBOAUMBIX 37eMeHTOB HaJ A[z]: 910,
BO-IIEPBBIX, IPUMHUTUBHBIE MHOIOWIEHBI, HEIPUBOANMbIE Hasl (Q[z], a BO-BTOPBIX, Henpu-
BOJIUMBIE 3JIeMeHThl 13 A (T.e. MHOrO4IeHbl Hy/1eBoil crenenu). Teopema jiokasana. [

7.6. Onpeaenunrenbs Bangepmonga. PakTopraabHOCTh KOJIbIA MHOMOUIEHOB OT HECKOJIb-
KUX TIEPEMEHHBIX — OYeHb II0JIE3HOE yTBEpKJieHne. BBIYUC/IM ¢ ero MOMOIIbI0 onpede-
aumenv Bandepmonda.

IIpennoxxenune 7.10. Mmeem mecmo paserncmeo

1 1 - 1
T ) Ce Tn
2 2 2
Ty T Ty = H (.Tj —.Tl)
: : : 1<i<j<n
n—1 n—1 n—1
xq Ty R 1

CHauasia JJOKayKeM CJIe/IyIONIyio JieMMy (MOJIe3HyI0 1 caMy 1o cebe).

JIemma 7.11. Ilyemo f(z1,...,%,) — MHO20UAEH, MOdHCIECMBEHHO 00PAULAIOUUTICA 6
HYAD HA 2UNEPNAOCKOCTIU a1X1 + -+ + apxy, = 0. Toeda f(x) deaumcsa na aunetinyio
popmy U(x) = a1x1 + - - + apxy.

Jloxazameavcmeo. CreaeM 3aMeHy KOOPJIUHAT, TIpu KOTOPoii £(x) nepeiiger B 1. [Tpes-
crapum MuOrowieH f(z) B Buge x1g(z) + h(x). Io ycraoBuio, muorowten f(x) Toxme-
crBerro pased 0 mpu 1 = 0. D10 3uaqwt, uro h(z) = 0, a 3naunt, f(z) menurcs Ha T,
9TO M TPebOBaJIOCh. Il

Jloxazameavemeo npedaoscenus 7.10. ObBO3HAUNM ONpEJIEIUTE/b B JIEBOW YacTH depe3
V(z) = V(z1,...,2,). Samernm, uto npu x; = x; oupeaesnurenb V(r) obpamaercsa B
Hy/Ib KaK UMEIOMINil 1Ba OJMHAKOBLIX cTostona. 3ua4ut, V (r) nemurces na x; — ;. Ho Bee
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JIBY9JI€HBI 2 j —&; IOIAPHO B3aNMHO IIPOCTBI; 3HAYNT, V() JenTCs H Ha UX IPOU3BeIeHHe,
T.€. HA TPaBYIO YaCTh PaBEHCTBA.
Hanee, nocmorpuM Ha crenedb V (x) KAK MHOTOWIEHA OT X1, . . . , Ty. DTa CTEIIeHb PABHA
—1 .
0O+1+2+---+(n—-1) = % Ho sroMy ke paBHa u CTeleHb IPaBoil YacTH: 3TO
.. . . n\ _ n(n—1) 3
KOJIMIeCTBO 1ap (%,7), B KOTOPBIX i < j, T.e. (,) = —5—. SHAUHUT, 9aCTHOE OT JCJICHNA
JIEBOII YacTU Ha MPABYIO SIBJIIETCS KOHCTAHTOII.

Ocrajioch BBIYUCIUTH 9Ty KOHCTAHTY, BepHee, 10Ka3arTh, 4To oHa pasHa 1. s sro-
IO BBIYMC/UM KOHCTAHTBI IIPH MOHOME ToT3...T" ' B KaxJIOM M3 3THX MHOIOYJICHOB.
B mpaBoit wactu ona paBHa 1, T.K. TAKOI MOHOM TIOJIy9aeTCsl TP B3ATUU TIEPEMEHHOI C
OOJIBITTIM HOMEPOM M3 KazKJI0¥ CKOOKHU B IPON3BEICHUN. B JIeBOii 2Ke 9aCcTh OHa IMOJTyJaeT-
cl U3 B34ATHS IMArOHAJIBHBIX 9JIEMEHTOB OIpeJieTnTes, T.e. ToxKe paBHa 1. [Ipemroxenne

JTOKa3aHo. O

VYupaxkuenue 7.12. Jlokaxkute npejioxenue 7.10, BBIYUCIUB OIPEJIEIUTEb B JEBO
YACTHU C IIOMOIIBIO JIEMEHTAaPHBIX ITPpeoOpa30BaHuil CTPOK.



