Asrebpa, ocerp 2022 r.

E. 10. Cymupnos

AHHOTALIUA. 3anucKu JEKIUii il BTOPOro Kypca coBMecTHOro bakajnaspuara BIIID u
IIITM, ocenb 2022/23 y4uebHOrO roja.

1. IIEPBAM JIEKIIMA, 6 CEHTABPSA 2022 T.

1.1. Ileabre yncya u AeauMocTb. HaduéMm ¢ m3ydeHus: MHOXKECTBA IEJIbIX YUCEN Z.
Kax BceM XOpOIIo n3BeCTHO U3 HAYAJBHON IIKOJIBI, IE/IbIe YUCIa MOXKHO CKAAILEAMb U
YMHOIHCAMb — TO €CTh Ha HUX OIIPEJIeJICHBI JBE OIIEPAINH, YIOBJIETBOPSIONINE N3BECTHBIM
aKCHOMaM; B Ha4JaJIbHOM IIIKOJIe UX Ha3bIBAIOT Nepemecmumerdvroili, couemamenvrviii n
pacnpedeaumenvroili 3aK0HbL, a B YHUBEPCUTETCKOM KYyPCe — KOMMYMAMUEHOCBIO, ac-
coyuamueHocmvro u ducmpubymuerocmaio. IIpo akCHOMaTHKY 1EJIBIX YNCES MBI TIOTOBO-
PUM B OJTHOM U3 CJIEIYIONMINX JIEKIIHiA. A TOKa 9T0 00paTiM BHUMAHUE, ITO U 10 CJIOKEHUIO,
¥ 110 YMHOYKEHUIO €CTh HeHTPaJbHbIE SJIeMEHThI (Hy/Ih U €IHHUIA COOTBETCTBEHHO); KPO-
Me TOro, JIJIsl KaxK/I0ro YUcjIa N CyIIEeCTBYeT YHUCJIO —N, KOTOPoe OYJEeT I 1. 00pammvim
no caooiceruto (MHOTIA eIé TOBOPAT NPOMUGONOAONHCHBIM): ITO TUCIIO, KOTOPOE B CyMMe
¢ n JaéT HyJIb. ITO JAET BOZMOXKHOCTD Gb4UMAMb TEIbIe YUCTA: M — N OUPEIe/IsIeTCs
KaK YHCJIO, KOTOPOE IOJIy9aeTCs, €U K M PUOABUTb —N.

A BOT JlesMTBH APYT Ha Jpyra Iejible Y9ucya MoJIydaeTcs He Bcerga. Tak, ducesr n, K
KOTOPBIM CYIIECTBYET 06pammbiti no YMHONCEHUIO, T.e. TaKOH m = n™1, Jyig KOTOpOro
mn = 1, Bcero gBa: 310 1 u —1. HTEpecHo, 4ro KaxK bl U3 HUX oOpaTeH caM K cebe
(HaM 9TO TpPUTOJUTCA B jJasbHeiimeM). Tak 9T0 rapaHTHPOBAHHO JIEJUTH IIOJIYYAeTCs
TosIbKO Ha 1. JIJIsT OCTANIbHBIX Map YUCeJ TPUXOIUTCA BBOJIUTH MOHATHE JeAUMOCTNU.

Omnpegenenne 1.1. Ilycts a,b € Z. ToBopsar, uto qucio a desumcs Ha b, ecau cyre-
CTBYET Takoe ¢ € Z, jjist Koroporo a = bc. Oboznauenue: a i b. DKBUBAJIEHTHOE 0003HA-
qenne: b | a; B TakOM cirydae roBopat, 9to b deaum a. Yucso b TakoMm ciiydae Ha3bIBACTC
deaumenem IUCIa Q.

1.2. HO un anroputrMm EBkimaa. Ecim y #Hac ecth jBa uucia a,b € Z, MOXKHO pac-
CMOTPEeTb UX 00ujue JeAument, T.e. TaKue 9uc/ia ¢, Jijis KOTopbixX ¢ | a u ¢ | b. CyiectByior
JIBa CII0COBa OMPEIESUTh Haubosvwul obuwutll desumens (cokpameénno HOJL) uucen a u

b.

Onpegenenne 1.2. Hauborvwum obuyum desumerem Guces a U b HA3BIBAETCS CaMblii
00JIBIIION M3 o0IUX JennTesneit a u b.

Onpenenenune 1.3. Hauborvwum obwum desumenem <aucesl a u b Ha3bIBAETCS TaKoOi
obumit gesmressb d quces a u b, KOTOPBIH JgemTes Ha 000l apyroit obmuit negurens d
quces a u b.

Date: 7 cenrsiopst 2022 1.

Bor ucnonp3yere 9T 3anucku Ha ¢BOif crpax u puck. HUKTO He rapaHTUPYET, YTO UX TEKCT HOJHOCTHIO
COOTBETCTBYET CO/IepKAHUIO JieKiuii. Tem OoJiee He rapaHTUPYETCsT OTCYTCTBHE B 3TOM TEKCTE ONIUOOK.
Bupouewm, o HaiiieHHBIX OIIMOKAX JIydIlle COODIIATH ABTOPY.
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Y 060uX 9TUX OIpee/IeHIii eCTh HeJJOCTaTKU. TaK, IepBoe OIpeIe/IeHIe UCIIOIB3YET 10~
HOJTHUTEIbHYIO CTPYKTYPY — omuowenue nopsdka Ha Z. I1po onpenenenue 1.3 HemoHsT-
HO, TTOYEMY OIIpe/Ie/IsieMblil 00beKT BooOIIe cytecTByet. [lompobyem ¢ sTuM pazodparbes.
JIydmmii crocob oKa3aTh CyIEeCTBOBAHMIE Uero-1md0 — MPeIbaBUThH CIIOCO0 €ro mocTpo-
enns. g maxoxgenns HOJL ucnonbsyercss aszopumm Eexauda. Y1obwl onpenenTs
aJiropuT™M EBK/IHIa, CHaYa/1a HAIIOMHUAM, 9TO TaKOe JeJIeHNe C OCTATKOM.

Omnpenenenne 1.4. Pasdeaums ¢ ocmamkom IUcyio a Ha ducyo b # 0 — 3HaYuT HaiiTn
Takue ¢,7 € 7, jist KOTopbiX a = bg + 7, npuuém 0 < r < |b|. Hucsno g HazbiBaeTcst
HENONHBIM YACTMHBIM, & T — OCMAMKOM.

Od4eBwIHO, YTO TaKWe ¢ U T BCErJa CYIIEeCTBYIOT; JIJIsi UX HAXOXKJIEHUS HAJ0 PACCMOT-
peTb HaMMeHbIIee MOJIOKUTEIbHOE U3 YHCes BUJa a — b, 3T0 u OYJIeT OCTATOK 7.

Yupaxkuenue 1.5. Pazgenmure ¢ ocratkom —18 Ha 5.

Anzopumm Eexauda. Pacemorpum nsa aucia (a,b); 6yaem caurars, gro |a| > |b].
[Tomesum a Ha b ¢ ocrarkom: a = bg + by. danee 3amenum napy (a,b) na napy (b, by).
CHoBa T0JIe/ UM IIEPBOE YHCJIO B Iape Ha BTOPOE € OCTATKOM; ODO3HAYMM OCTATOK bs.
Bamenum 31y napy Ha (by,by), u Tak masee. Bymem Tak mpojgosKaTh J0 TEX 0P, MOKa
MeHbIIIee YUCJIO B Iape He 00paTuTcs B HyJb. I1lycThb mociieiHsst HeHy/IeBas Imapa paBHa
(bn,0) = (d,0); Torma d paBHsieTcst HAKOOJIBIIEMY OOIIEMY JEJIUTEII0 YUCes a 1 b.

B cuny onpenenennst 1.4 nmerorcst pasencrsa |b| > by > by ... ; 9T0 3HAYNT, 9TO AITO-
PUTM 3aBEPIIAT PAOOTY 38 KOHETHOE HUHCJIO MIATOB.

Jls1 TokazaTebecTBa TOro, UYTo aaroput™m EBkinaa aeiicrBuressbHo Bosspamiaer HO/I,
3aMEeTHM, 9TO MHOYKECTBO OOIIuX jiesmresieii aist nap (a, b), (b, by), (b1, b2), ... coBnagaroor
JUI Beex 3Tux nap. lelicTBuTeibHO, MycTh ¢ — obmumii genuressb s a, b. Torga ¢ Oyaer
JlesiaresieM Jijist aucia a — bqg = by, To ectb ¢ penur by. ObparHo, ecu ¢ gesut b u by, TO
¢ JIeJUT a. 3HAYUT, MHOYKECTBO OOIIMX JeJIUTe el [IJisi BceX Imap OQHO M TO K€, a 3HAYNUT,
OHO COBIIAJIA€T CO MHOXKECTBOM Jiejinresiein uncia d. Ho naunbosbimii u3 geauresneit d —
9TO caMo d.

3nech s padorer ¢ HOlom mbr mostb3oBasiuch orpejenenuem 1.2. Tlocmorpum, 1mo-
qeMy OHO PaBHOCUJIBHO ompesesennto 1.3. JLjs 9Toro BoCmosb3yeMcsi OUeHb TOJIe3HBIM
IPpUEMOM, M3BECTHBIM KaK aunetinoe svipaxcenue HO/la.

Cuadaja 3aMeTHM, 9TO Kazkjoe u3 4uces by, b, ..., b, mpeacrasisiercsa B Buie b, =
axy + by, st HeKOoTOPBIX T, y. Jlokaxkem sT0 1o mHAyKIuu. Baza: juisg by 9T0 BepHO:
b1 = a — bq. lepexom: mycth by_1 = axy_1 + byr_1, bp = axy + byy. llogenum by, Ha b C
OCTATKOM; TIOJIy9IHUM, 9TO eCau bg_1 = brqr + bgs1, 1O b1 = (axp_1 + byp—1) — qr(axy +
byr) = a(xp—1 — qrxr) + b(Yrk—1 — QrYk), 9T0 U TpeboBasoch. CrieoBaTe/IbHO, MOCIIeTHA
9JIEMEHT d TOXKe TPEeJICTABUM B TaKOM Ke Bujie: d = ax + by.

Hanee, sicro, aro ecin d’ — HeKoTOpPBIil 0bmuit nesmrens a,b, To d' | ax + by = d.
[TosTomy umncso d penurcs wHa Bee obmue jesmrenu a u b. Crano 66T, d n ects HOJ/L B
cMBbICIe orpejiesieHust 1.3, a 3HAYUT, ST OIPE/Ie/IeHUs SKBUBAJIEHTHBI.

BadukcupyeM 1ocjie/iHee paccyzK/IeHne B BUJIE CJIELYIONIErO IMPe/IJIOXKEHNUS.

IIpengioxkenune 1.6. [lycmv d — naubosvwutd obwutd deaumenv wucea a,b € 7. Tozda
CYWECMBYIOM MAKUE UCABIE YUCAG T, Y, Oad Komopwux d = ax + by.

,B;JISI HaXO2K/ICHUA 9THUX YHCEJI MO2KHO BOCIIOJIB30BaTLCA aJI'OPUTMOM EBK.HI/I,H‘a, KaK
YKa3aHO BBbIIIIE.

1.3. B3aumuas npocrtora. Byjem HasbiBaTh JiBa 3JeMEHTa @,b 63aUMMHO NPOCMBLMU,
ecu ux HOJI paBen 1. 9T0 paBHOCHIBLHO CYIIECTBOBAHUIO TaKUX X,Y, JIJisi KOTOPBIX
ax + by = 1. JleficTBUTEIbHO, €CJIN YHC/Ia B3AUMHO IIPOCTBI, TO BO3MOXKHOCTH JIMTHEHHOTO
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BBIPasKE€HUs €JIMHUIIBI BBITEKAECT U3 MPEIBIIYINEro MPeIozKeHns; 00paTHO, eC/Ii Y HUX
ObLT ObI KaKOH-TO HETPUBHUAJBHBIN OOIIUil JAeUTe/ b, TO OH OBbLI Obl M y €JIHWHUIIbI, ITO
HEBO3MOXKHO.

Jlemma 1.7. (1) ITyemw a,b e3aummno npocmul. Tozda, ecau ¢ deaumces na a u Ha b,
mo ¢ deaumca na ab.
(2) Iyemw a,b szaummno npocmo. Tozda, ecau b deaum ac, mo b deaum c.
(3) Iyemwv a 63aummo npocmo ¢ kascovm u3 by, ... by. Tozda a 63aummno npocmo c
UL NPOU3BEIEHUEM.

Joxazameavcmeo. st nokazaTebCTBA EPBBIX JIBYX YTBEPXKICHUI 3aIIUIIeM JIMHEeITHOe
upejcrasiaerane HOJL gucen a,b u 10MHOXKUM 9TO PaBEHCTBO HA C:

acx + bey = c.

(1) B upezpuiyiieM paBeHCTBE HEPBOE CJIAraeMoe B JIEBON 4acTu JIEJIUTCs Ha ab, T.K.
cr pemurcd Ha b. ITo Toii 2Ke mpu4mMHE BTOpOE CaaraeMoe JIeIuTcs Ha ab. 3HaunT,
U ¢, KaK UX CyMMa JeJuTcd Ha ab.

(2) Tlycts b genut ac; Torma b e uT U MEepBoOe, U BTOPOE CaraeMoe B JIEBOI dacTu
IPEJIBIIYIIEro PABEHCTBA, TO €CTh b | ¢.

(3) Bamuiem Bce paBeHCTBA BUa ax; + b;y; = 1 u mepeMuoKuM. MBI TOJIy9iM paBeH-
crBo Buga aX + (by ... bg)(y1 - .. yk) = 1, e X — mexoropoe 1esoe qucsio. Ho ato
U 3HAQYUT, 4YTO 1 JIMHEIHO BbIpazkaeTcd depe3 a U by . ..by, TO ecThb OHM B3aWMHO
IIPOCTHI.
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Sameuanue 1.8. B MIKOIBHOM Kypce YTBEPKICHNS HAIIOA00ME TPEIbIIYIINX OOBITHO J10-
Ka3bIBalOT C IIOMOIIIbHIO OCHOBHOTII TeoOpeMbI apI/I(bMeTI/IKI/I O €JMHCTBEHHOCTU PA3JIOZKECHU A
YUCIa Ha MPOCTBIE, KOTOPYIO COODIMAOT Oe3 jjoKa3areibcTBa. OOparuTe BHUMAHNE, UTO
MBI €if 3JIeCh He I0JIb30BaJINCh; HAIIPOTUB, B CJIEJIYIOIIEM pa3jiesie Mbl BbIBE/IEM OCHOBHYIO
TeopeMy apudmeTnku u3 jemMbl 1.7. Ho jy1s aToro ciepsa jga/iium orpejiesieHue mpocToro
YUCIIA.

1.4. IIpocThle Ync/ia 1 OCHOBHasi TeopeMa apudMeTuKn.

Onpenenenune 1.9. Yucio p € Z, ormuuanoe ot 0 u +1, HA3BIBACTCS NPOCMBIM, €CIIHA
JIJIsT JTI00OTO TIpejcTaBieHus p = ab BepHo, uTo 6o a = +1, ymbo b = +1.

U3 onpeienienus ciemyer, aro {1, £p} — 910 Bee geuresnn mpocToro qucsa p. 3HaUNT,
HO/I gucia p n Kakoro-HuOY/Ib JIPYroro Iuc/Ia MOXKET PaBHIThC b0 1, b0 p; TO ecTh
BCSIKOE YUCJIO JTUOO JICTUTCA Ha P, JIMOO B3aUMHO IPOCTO C HUM.

OcHoBHas TeopemMa apuMETUKNA yTBEP:KIaeT eJIMHCTBEHHOCTDH PAa3/IOKEHUs Ha, IIPO-
CThle MHOYKUTEJIH.

Teopema 1.10. Kaotcdoe wucro a € 7. MoHcHO npedcmasums 6 eude NpouseeieHu.s
NPOCBIT, NPUMEM IMO NPEICMasAeHUe COUHCTNEERHO 8 CACOYIOWEM CMBICAE: ECAU A =
Pi---Dk = qi---Gm, NPUYEM D;, qj npocmuie, Mo k = m u nocae nodrodswet nepenyme-
pavuL P; = G-

Jloxazameavcmeo. JlokazaTe/lbCcTBO CYIIECTBOBAHUS PA3JIOKEHUS OCYIIECTBISAETCH WH-
JIYKIMel 1o |a|: ecin 9uCI0 He mMpocToe, TO ero MOXKHO IIPEJICTABUTH KakK a = bc, rie
b < |a| u || < al.
EurcTBeHHOCTD JT0Ka3biBaeTcs bosiee coxkuo. [Ipeamnonmoxum, aro k < m. Jloka3biBa-
eM uHayKuei o k. Baza k = 1 orBeuaer cirydaro, Korja a = p; IpoCToe, T.e. OUeBUIHA.
[Iycts p1...pr = q1...Qn. JoKazkeM, 9TO p; COBIaJaeT ¢ KaKUM-TO u3 ¢;. /leiicTBu-
TeJIbHO, ec/in Obl 3TO OBLIO HE Tak, TO (p1,q;) = 1 jyist Beex i, oTKy/a 10 Jjemme 1.7 (3)
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P1 B3aUMHO IIPOCTO C q . .., 9TO HPOTUBOPEUUT JIETUMOCTH ( .. .G, HA pPj. SHAUUT,
Haiijierca q; = p;. be3 orpannmuenus obmHoctu mosioxkuM ¢ = 1. CokpaTtus obe dacTu
paBeHCTBa Ha Py, MOJIYydaeM, UTO Po...Pk = (2 ...(¢n. 110 IPEIIOIOKEHIIO WHLYKITHT

k—1=m—1 (a3umauur, Kk = m), a p; paBHbI ¢; IIOC/IE MOJXOJIAIIEIl TIEPEHYMEePAIIUH.
Teopema jmokazaHa. Il
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