JNucTtok NeMS1 MeTpuyeckre npocTpaHCTBa: NPUMEPSI 02.2015

Onpenenenne 1. Mempuueckum npocmparcmeom (M, d) HasbiBaeTcst mapa, Cocrodias n3 MHOKecTBa M
u dbyukImn «paccrosuusy (mempuru) d: M x M — R, y1oBieTBOpSIONIeii CIe/ Iy onM aKCHOMaM:

(M1) d(z,y) = 0 Torja u TOJBKO TOTJA, KOIJA T = ¥;

(M2) d(z,y) = d(y, z) (cummempuurnocmy);

(M3) d(z,2) < d(z,y) + d(y, z) (nepasencmeso mpeyzoavruka).

[TommuoxkecTBo N MeTpudeckoro mpocTpancTBa M, paccMaTpuBaeMoe KaK METPUIECKOe MPOCTPAHCTBO
(¢ TOit 2Ke MEeTPUKOIi), HA3BIBAETCA NOINPOCMParcmeom poctpancrsa M.

Bamaua 1. Ilycrs (M, d) — merpudeckoe npocrpanctso. Jokaxure, aro d(z,y) > 0 ast awobbix x,y € M.

Bamaua 2. [loesnka Ha MOCKOBCKOM MeTporojimTene oT cranmun A o cranmum B Tpebyer BpeMeHH, KOTO-
pO€e 3aBUCHUT OT BBHIOPAHHOT'O MapIIpyTa, BPEMEHU OXKUJIAHUSA MOE3/I0B U T.II. BhiOepeM n3 BceX BO3MOXKHBIX
CJIYYaeB TOT, IIPU KOTOPOM 3aTpPaveHHOEe BPeEMs OKaXKeTCsl HAMMEHBIIIUM, U HA30BEM 3TO BPEMsl PaCCTOsSTHUEM
ot craumuu A o cranmum B. ZBisercs s Takoe pacCTOsSTHEE METPUKOI Ha MHOXKECTBE CTAHITHI MOCKOB-
ckoro meTpo? Eciu Her, npeJiyiozKuTe JOMOTHUTETbHBIE YCIOBUS, TP KOTOPBIX BBEJIEHHOE PACCTOgHUE OyIeT
METPUKOH.

Omnpenemrenne 2. MHOXKecTBO TOCTI€0BaTeIbHOCTEH © = (21, X9, ..., Ty,) JJIMHBL N, COCTOSIIMAX U3 JeHCTBU-
TEJIbHBIX HCeJT, HA3bIBACTCA N-MePHuM apudmemuveckum npocmparcmeom R™. (O6baHBIE MpsiMast, MI0C-
KocTh 1 npocTpancTBo — 310 RY R? u R? coorsercrsenHo).

Bamaua 3. {Bisiercs Jin MeTpudeckuM mpocTpaHcTBoM R” ¢ MeTpukoit

a) di(z,y) = 1;1 |y — zxl;

6) (eskaudosa mempuka) do(x,y) =

B) doo(x,y) = max — x|?

) doo(2,y) = max |y, — ]

Bamaua 4. (uckpemnas mempura) Ilycrs M — moboe muoxkecrso. [lomoxkum d(z,y) = 0, ecmun x = y
ud(z,y) =1, eciin & # y. Jlokazkure, 9T0 TaKuM 00PA30M TI0JIyIaeTCs MeTprKa (HasbiBaeMasi Juckpemmot).
Metrpudeckoe npocrpanctBo (M, d) Takzke Ha3bIBAETCS JUCKDEMHbLM.

Bamaua 5. (Mempura Xommunea) Ilycts M — MHOXKECTBO CJIOB HEKOTOPOTO ajihaBUTa, COCTOAIINX U3 KAKOTO-
TO (bUKCHPOBAHHOTO Unciia OykB. Paccrosianenm d(x, y) MexK 1y CI0BaMu & 1 Y HA30BEM KOJMIECTBO OYKB, B KO-
TOPBIX 9TH CJOBa OTJINIAIOTCS, €CJIM HAIIMCATH WX OJHO 1o apyruM. Hanpuwmep, d(roc, con) = 2. Jlokaxure,
49TO d ABJSIETCS METPHUKOIA.

Banmaua 6. (p-aduveckan mempura) Ilycrs p — mpocroe wmcso. s z,y € N nonoxum d,(z,y) = 0, ec-
mx =y, udy(r,y) =p " ecan ¥ # y u n — HaHOOJIBUINI ITOKA3ATEIb CTENEHH YUCIA P, IPU KOTOPOM
pasHocThb x — y jpesurcea Ha p. IIposepsre, urto (N, d,) — MerputiecKoe mpocTpaHCcTBO.

Bamaua 7. (Pasnomepras mempuka) Ilycrs M — mMHOKecTBO orpanndeHHbIxX Gyuknuii f: [a,b] — R. Toso-

xuMm d(f,g) = sup |f(z) — g(z)|. IlpoBepbre, uro 310 METPUKA.
z€[a,b]




Onpenenenne 3. [lycts M — mMerpudeckoe MpOCTPAHCTBO, £o € M — mpousBosibHasg TOYKa, € > () — Berle-
creennoe uncao. Muoxkecrso U.(zg) = {x € M | d(x,x¢) < £} Ha3bIBaeTCH £-OKPECTHOCTBIO TOUKU T (HIIH
OMKEPLUMBLM WAPOM C TIEHTPOM T 1 pajmycoM €). Muoxkectso B.(xg) = {x € M | d(z,z() < €} HasbBaeTCs
BAMKHYMBLM ULAPOM C TIEHTPOM T U PAJILYCOM E.

Bamaga 8. Kax BeITIAaAT mapsl B mpocTpancTBax R? u R3 oTHOCHTEIBHO METPUK U3 33712491 37

Bamaua 9. (Xaycdopgosocms mempuueckozo npocmpancmea) Ilycrb xy1, Ty — pasiuIHble TOYKA METPUIECKO-
ro npocrpancrea M. Jlokaxkure, aro cymectByer Takoe € > 0, aro U.(x1) N UL (22) = .

3agaga 10. /lokaxkuTe, 9TO €CIM JBa OTKPBITHIX MIapa METPUYIECKOIO MPOCTPAHCTBA UMEIOT OOIIYIO TOYKY,
TO CYITIECTBYET ITap, JIEYKAIUN B UX ITepeCeIeHnH.

Bamaga 11. Jlokaxure, uro ecaun U (z) NU(y) # &, 1o d(x,y) < 2¢. BepHo s obpaTHoe (B IPOU3BOJBLHOM
MeTPHYECKOM ITPOCTPAHCTBE)?

Bamaua 12. Jlokaxure, uro eciu d(z,y) < &, 10 U () C Use(y).

Bagaga 13. Illapsl ¢ pagumycamu 71 u 1o = 577 mepecekaoTcs. Paanychbl mapoB yBeJIUYIN/IN BABOE, HE MEHss
ux 1eHTpoB. JloKaxKuTte, 9TO OJMH U3 MOJYYECHHDBIX IIAPOB COJEPKUTCA B JIPYTOM.

3agaua 14. MoryT /i B METPUYIECKOM IIPOCTPAHCTBE CYIIECTBOBATH JIBa IIapa PA3HBIX PAJINyCOB, TAKUX YTO
map OOJIBINIETr0 pajuyca COJAEPKUTCS B IIape MEHBIIErO PaJnyca U HE COBIAJACT C HUM?!

3amaqa 15.
a) CKOJIbKO 3JIEMEHTOB COJEDXKHUT 3aMKHYTBIN Iap pajuyca 1 Ha MHOXKeCTBe CJIOB JUIMHBI 1 ¢ METPUKOIL
Xommunra s andasura {0,1}7 A ecin B andasure m 6yks?
6) Hammcano HeCKOJIBKO IOCJIEOBATEIBHOCTEH U3 HyJICH W eAUHHI] JJIUHBL 1, TPHIEM JIIOObIE JBE U3 HUX
on

OTJIMYAIOTCS IO KpaiiHeil Mepe B Tpex Mecrax. J[okazkuTe, 9TO MX YUCJIO HE ITPEBOCXOJIUT R

Onpenenenne 4. /Ipa merpudeckux npocrpancrsa (My,dy) u (Ma,dsy) HABBIBAIOTCS U30OMEMPUUHBLMU, C€CITH
CyIIECTBYET B3aUMHO OJ[HO3Ha4YHOEe oroOpaxkenue f: My — Ms, Takoe 94T0 Jjisi JHOOBIX TOYEK Ty, Ty € M
BBITIOJTHSIETC PaBeHCTBO di (X1, T2) = do(f(x1), f(x2)). OTobpaxkenue f B 9TOM cilydae Ha3bIBACTCS U3OMEN-
pued.

3amaga 16. IIpuaymaiite Takyio MeTpuKy Ha mpsAMoil R, 9T00bI mpsiMasd OTHOCUTETBHO 3TOW METPUKU U WH-
repsaJt (0; 1) oTHOCHTENBLHO CTAHJIAPTHON METPUKH ObLIN U30METPUIHBL.

Bamaga 17. Uszomerpuuner gu (R™, dy) u (R™, dw)?

Onpenenenne 5. ['oBopsAT, YTO MeTpUIecKoe MPOCTPAHCTBO N 6K.Aa0bI6a€MCA B METPUIECKOE ITPOCTPAHCTBO
M, eciim N m30MeTPpUIHO HEKOTOPOMY MOJIITPOCTPAHCTBY B M.

Bagaqa 18. Toxaxkute, uto (R, dy) Brinagssaerca B (RN, dy) npu n < N.
3amaua 19. Jlokaxure, uro (R", d.,) BKIagbIBaeTCs B METPUUIECKOE IIPOCTPAHCTBO M3 331449 7.

Bamaga 20. Bepro s, 1To 1060€ KOHEUHOE MeTpudecKoe mpocrpanctBo M BriaspBaercs B (R”, dy) ipun > 07
Eciu na, T0 Kak MOXKHO OIEHUTH N, 3Hast |M|?

8 9 10 || 11 12 | 13 || 14 || 15 | 15 16 | 17 || 18 || 19 | 20




